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Abstract—The construction of optimal closed loop and open loop solutions to aterminal optimal con-
trol problem for nonlinear dynamical systemswith alinear objective functional and linear terminal con-
straintsis considered. Locally optimal controls are constructed by correcting the solution to alinearized
problem by the small parameter technique. Global optimization is also carried out in two steps. First, a
solution to a piecewise linear approximation of the original problem is constructed, and then it is
improved using an asymptotic technique. The results are illustrated by solving the problem of damping
asimple pendulum and the problem of control of anonlinear system governed by the Duffing equation.

1. INTRODUCTION

Optimal control problemsfor nonlinear systems are among the most difficult problemsin the mathemat-
ical theory of control processes[1, 2]. Their difficulty islargely explained by the great variety of nonlinear
systems. In essence, every nonlinear system presents an independent object for investigation and possesses
certain specific features. It is not by chance that until the present time only general existence theorems and
necessary optimality conditions have been proved, but no efficient constructive optimization methods have
been developed. In the literature, major effort isfocused on the open loop solution of deterministic optimal
control problems, which are, by definition, aimed at revealing the potential capabilities of control systems
and are not designed for controlling real-life dynamical systems, which inevitably differ from mathematical
model s and are subj ect to unknown perturbations. Thetheory of open loop optimal control isactually amod-
ern version of the calculus of variations. Its purpose is to optimize functionals with respect to function vari-
ables subject to closed constraints rather than to control dynamical systemsin the sense that isimplied by
thisterm by engineersthat design control systems. Generally, control impliesthat thereisadynamic process
evolving over time. However, the popularity of optimal control led to the appearance of publications in
which “optimal control” problems do not involve time but rather include length, volume, temperature, and
so on as variables. Control considered as a purposeful action must respond to changes in the state of the
controlled object that occur in the process of control. Thus, we need closed loop, rather than open loop, con-
trols to actually control dynamical systems. Such controls make it possible to effectively counteract pertur-
bations and compensate for theimprecision of mathematical modeling, which areinevitablein real-life con-
trol processes. However, issues of designing closed loop solutions (the problem of synthesis of optimal sys-
tems) remain poorly understood in the theory of optimal control. In our opinion, one of the main reasonsfor
this situation is the fact that the classical statement of the optimal synthesis problem, which was suggested
inthelate 1940s and required that the closed loop optimal controls be designed in aclosed form, istoo “the-
oretical” (“analytica”). It does not (and could not in the early 1950s) take into account the capabilities of
modern computers, which are necessary for solving somewhat complicated applied problems.

In studies[3-5], an approach to the basic problems of constructive optimal control theory was suggested
for linear terminal problems, linear problems with intermediate state constraints, and for piecewise linear
problems. The aim of this paper is to extend this approach to a special class on nonlinear optimal control
problems. More precisely, we assume that the controlled object itself is nonlinear, and all other elements
(the cost function and the constraints) are linear. This enables usto simplify the presentation and reduce the
size of the paper. We do not consider all possible cases. Extensions and generalizations will be considered
separately.

In Section 2, astatement of the terminal optimal control problem is given that involvesasingle nonlinear
element—a nonlinear controlled object. Feasible controls are supposed to be piecewise constant functions
with agiven set of possible discontinuities. The choice of thistype of feasible controlsisdictated by the fact
that computers are inevitably used in actual control, and they are discretely operating devices. In terms of
discrete controls, open loop and closed loop controls are determined. As an ultimate goal, we state the prob-
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lem of designing an algorithm for an optimal controller able to produce closed |oop optimal controlsfor any
particular control processin rea time. Section 3 is devoted to alocal solution of the problem when all fea-
sible processes are confined in a small neighborhood of the initial state where the linear approximation of
the dynamical system is adequate. The solution to the problem is obtained on the basis of two procedures.
The first procedure implies that the linear problem is solved by the techniques described in [3]. We stress
that the efficiency of these techniques relies on the use of instants of control switch rather than on the con-
ventional primal and dual variables. The switching instants are related both to the primal and the dual vari-
ablesviathe support. The second procedure makes a correction of the results obtained by thefirst procedure
using an asymptotic method. A technique for correcting open loop controls of the linearized problemis pre-
sented in [6-8]. It is based on an asymptotic expansion of the instants of control switch rather than on an
asymptotic expansion of the primal and dual variables. The choice of instants of control switch enables us
to account for direct constraints on controls, which present severe difficultiesfor other methods. Theimple-
mentation of the asymptotic method for the construction of aclosed loop solution of the problem isdifferent
from that in[7]. It turns out that asymptotic expansions can be constructed rather efficiently if the values of
certain finite-dimensional functions of a scalar variable are stored at certain instants of time in the process
of solving the linearized problem. This spares an additional integration in the correction procedure, since
the required integrals are computed by quadrature formulas. Theresults are illustrated in Subsection 3.4 by
solving an optimal control problem for a dynamical system governed by the Duffing equation. An analysis
of the optimization results shows that a rather accurate solution can be obtained by solving the linearized
problem when the range of variation of the state of the system israther small. Thisrange can be considerably
enlarged by employing the asymptotic correction. On the other hand, the asymptotic correction allows one
to considerably improve the accuracy of the solution when the behavior of the linear system isanalyzed in
afixed domain.

In Section 4, we investigate the global optimization of nonlinear systems. Again, the process of solution
is composed of two procedures. First, a piecewise linear approximation of the nonlinear system is carried
out, and a piecewise linear optimal control problem is solved. Piecewise linear approximation of dynamical
systems provides a natural way for the approximate solution of nonlinear problems. This method is a par-
ticular case of the spline method, which iswidely used in many branches of applied mathematics. A detailed
description of amethod for the optimization of piecewise linear systems can befound in [5]. Then, the solu-
tion to the piecewise linear problem is corrected by an asymptotic technique developed for quasilinear sys-
tems. The correction technique for the solution to the piecewise linear problem is a generalization of the
correction technique developed for linear problemsin [7]. This method, which isjustified in Subsections
4.3-4.5, has not yet been published. The results of correction with a certain value of the accuracy parameter
are taken for the solution to the initial problem. An algorithm implementing the method described is sug-
gested. The efficiency of the algorithm isillustrated by solving the problem of optimal damping of asimple
pendulum. The results reported in Subsection 4.7 show that our approach yields a rather accurate solution
to the nonlinear problem even though rough piecewise linear approximations of the nonlinear equation are
used.

Theefficiency (inthe sense of [2, 3]) of the proposed methods for the optimization of nonlinear systems
depends on the efficiency of the optimization of linear [3] and piecewise linear [5] systems. Thisis because
no additional integration of the primal and dual systemsis carried out on the stage of the asymptotic correc-
tion. However the requirements for the main computer memory are now higher, since additional information
on the behavior of the systems to be optimized is needed for the calculations by quadrature formulas.

In conclusion, we note that we construct open loop and closed oop solutions of the optimization problem
for nonlinear systems on the basis of two classical methods—an analog of the dual simplex method in linear
programming and the small parameter method. It turned out that an appropriate implementation of these
methods makesit possible to obtain satisfactory solutionsto basic optimal control problems. In other words,
constructive methodsin optimal control could have been devel oped as early asin the beginning of the 1950s,
when those problems werefirst stated, but the fundamental facts of the mathematical theory of optimal pro-
cesses—the maximum principle [1] and the dynamical programming [2]—had not yet been discovered.

2. STATEMENT OF THE PROBLEM

Let X be abounded set in an n-dimensional space, T = [0, t*] be the control timeinterval, h = t*/N be the
guantization interval, N be a positive integer, and T, = {0, h, ..., t* — h}. Thefunction u(t) (t O T) iscalled

adiscrete control (with the quantization interval h) if u(t) = u(kh) for t 0 [kh, (k+ 1)h[ (k= 0, N—-1).
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On the set X, consider the problem
cx(tD —~ max, x = f(x)+bu, x(0) = X,

(2.1)
xOOXO0={xOR":Hx=¢, |u®)l<1, tOT

mxn

in the class of discrete controls. Here, ¢, b O R", g OR™, H O R™", rankH = m< n, x = x(t) is the state
vector of the control system at an instant t, u = u(t) is the value of a scalar control, and f(x) (x O X) isan
infinitely differentiable n-dimensional vector function on intX.

As usual, the control u(t) (t O T) is called a feasible (open loop) control if [ut)| < 1 for t O T and the
corresponding trajectory of system (2.1) satisfies the terminal constraint x(t*) [1 X*. A feasible control u°(t)
is called the optimal open loop control for problem (2.1) if the corresponding trajectory x°(t) (t O T) maxi-
mizes the objective functional; i.e., ¢X°(t*) = maxc'x(t*). Here, the maximum is taken over all feasible con-
trols, and x°(t) (t O T) isthe optimal trajectory.

Before we introduce the concept of closed loop optimal control for problem (2.1), assume that the states
of the control system are known not only at the initial timet = 0, but will be known at every current time
T 0 T, in the process of control. Under these assumptions, we embed problem (2.1) in the family of prob-
lems

cx(t) —max, x = f(X)+bu, x() =z
x(DOXO={xOR":Hx=¢g, Ju®)l<1, tOT =[t,t0d,
which depends on ascalar T 0 T, and an n-dimensional vector z

Let ut| T, 2) (t O TF) be the optimal open loop control for problem (2.2) for (1, 2) and X, be the set of
states z [1 X for which problem (2.2) has an open loop solution with afixed t.
The function

(2.2)

ut,2) = T, 2, zOX, tOT,, (2.3)

is called the closed loop (discrete) optimal control.

According to the definitions, the open loop, u’(t) (t O T), and closed loop, u(t, x) (x 0 X, t 0 T,), controls
are determined on the basis of the a priori information about problem (2.1). Hence, theoretically, they can
be constructed before the actual control process starts. Asarule, these solutions cannot be found analytically
(in an explicit closed form). A numerical construction of open loop and closed |oop solutions presupposes
that they should be represented in atabular form. For an open loop solution to system (2.1), thisis an easy
problem even for problems of a high dimension. However, tabulating the closed loop solution with a small
error leads to the “ curse of dimensionality” [9], which can hardly be worked around.

Approximate methods for constructing open loop solutions are described in [2]. A classical method that
can be used for finding closed loop solutionsis the dynamic programming [9]. I n the above statement of the
problem, the justification of dynamic programming is easy, since the Bellman equation for the discrete con-
trol becomes recurrent:

B(t,2 = maxB(t +h, X(t + h|T, Z,u)),

u<1
(c'z, zOXO
Btz =0
[Foo, zOXO

where (X(T + h | T, z u) isthe state of system (2.1) at thetime T + h that it takes under the influence of the
control u(tt) = u, t O [T, T+ h]).

The optimal feedback u’(t, 2) (zO X,, T O T,) isfound from the equation
Br+h x(t+h 1,z U(T,2)=maxB(Tt+h x(t+h]|t,zu), X ={z0OX:B(T,2 % -0}
jus1

An analysis (see [10]) shows that the “curse of dimensionality” in the synthesis of optimal systems by
dynamic programming is caused by the neglect of the fact that transient processes in actual dynamical sys-
tems have a bounded rate. Due to a bounded rate, the state of the system changes insignificantly between
the times of decision making (when control values are chosen); therefore, thereisatimeinterval when use-
ful calculations can be carried out to correct the control. The amount of calculations that can be done
depends on the performance of the available hardware. In dynamic programming, it isimplicitly assumed
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that transient processes can have an infinite rate. For this reason, all calculations are performed for al pos-
sible states of the systems before the actual control process begins, and the results of those calculations are
used for control without any additional corrections.

Taking into account the difficulties described above, a workaround for the curse of dimensionality was
suggested in [11]. Theideais as follows. In the process of solving an applied problem, the feedback (2.3)
is calculated on the basis of the mathematical model (2.1). Then, this feedback is used to control the real
system rather than its mathematical model. Real systemsdiffer from “idea” models (2.1) in theimprecision
of mathematical modeling and are subject to perturbations, which cannot be taken into account in advance
(before the control process starts). Assume that the behavior of areal system closed by feedback (2.3) is
described by the equation

x = f(x) +bu’(t,X) +w, x(0) = X, (2.4)
where w = w(t, X) (x 0 X, t O T) is an unknown perturbation that is realized as a piecewise continuous
n-dimensional vector function w(t) = w(t, x(t)) (t O T) along every continuous function x = x(t) (t O T).

In the classical definition of a closed loop solution (for piecewise continuous measurable controls) the
following mathematical problem arises: how the solution of the differential equation (2.4) with adiscontin-
uous right-hand side should be interpreted. Due to this discontinuity, the classical solution to Eq. (2.4) can
not exist; the use of generalized solutions in Filippov’s sense does not eliminate this difficulty.

In this paper, we interpret the trajectory of system (2.4) as the trgjectory of the equation
X = f(x) +bul{t) + w(t), x(0) = X,, (2.5)
under the control

udt) = u’(kh, x(kh)), tO[kh, (k+21)h[, k = 0,N—1. (2.6)
Obviously, no problem of the existence of the classical solution arisesin this case.

It is seen from Eq. (2.5) that, in each concrete control process corresponding to a particular initial state
X and aparticular perturbation w(t) (t O T), only the realization (2.6) of feedback (2.2) along the continuous
trajectory x(t) (t O T) is used.

Assume that the time required for the calculation of the value u*(1) at every instant T O T,, does not
exceed h. Then, we say that the feedback isrealized in real time. A device that can perform this calculation
is called an optimal controller for problem (2.1). Thus, the synthesis of the optimal closed loop control is
reduced to designing an algorithm for the optimal controller.

In what follows, we will make a distinction between the local and global optimization of nonlinear sys-
tems.

3. LOCAL OPTIMIZATION OF NONLINEAR SYSTEMS
Let x* beapointin X, f (X) = AX—x*) + d, d = f(x*), and A = 0f(X)/0X|, _ »~. The number
8 = max|[ ()~ FOol/If () (3.1)

is called the error of the linear approximation of f(x) on the set X.
If the function f () = Ax+ a(x X (a=-Ax* + d)) isagood approximation to f(x) (x LI X), i.e., if dis
sufficiently small, then the equation
x = f(x) + bu (3.2)
is equivalent to the nearly linear equation
x = f(x) + dg(x) + bu, (3.3)

where g(x) = (f(X) — Ax — a)/d (x O X). (Certainly, every nonlinear system (3.2) on any set X can be repre-
sented in the form (3.3) with an arbitrary small 3. However, the functions Ax + a and g(x) are not aways of
the same order of magnitude on X.)

In this section, we solve problem (2.1) on aset X for which d issmall.

The solution of problem (2.1) isdivided into two steps. (1) solution of alinearized problem and (2) cor-
rection of the solution to the linearized problem.
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3.1. Solution of the Linearized Problem
The linearized problem has the form

cX(tD — max, x = Ax+a+bu, x(0) = x, xtDOXH Jut)<1, tOT. (3.4)

An algorithm for the construction of the open loop and closed loop solutions to problem (3.4) can be

found in [3]. Here, we give some definitions and results from [3] that are necessary for the further consid-
eration.

The basic tool of the method described in [3] is the support (or working basis). Recall that the set T, =

{t;,| =1, m} OT,iscaled asupport of problem (3.4) if the support matrix D,,, = (d(t), t O T,

wup sup) 1ISNONSIN-
gular. Here,

t+h

d@t) = J’G(a)bds, G = -GA, G(tD = H.

The following elements are associated with the support:
1. A vector of potentials v that is a solution to the equation

t+h

DgpV = Cqp» Where Cqp, = (C(t), tOTgp), cft) = J'l]J'c(S)de, Pe = AP, YD =c.

2. A cocontrol is defined as
t+h

AW = [ WD) -vCE)bdd, tOT,

3. A pseudocontrol w(t) (t O Ty) is defined so that its nonsupport values axt), t O T, = Ti\T,,, satisfy
the relations

w(t) = sgnA(t), if AM)#0, wt)O[-1,1], if A(@) =0, tOT.g. (3.5)
The support values axt) (t O Tg,,) of the pseudocontrol are determined from the equation

td

> dhe®+ S dwt) =g, §= 9-G(0)%— [G(9)add.
0

tO0Tgp taT
Although the pseudocontral is defined on the discrete set T, we assume that it (and the cocontrol below)
is extended to all other points of theinterval T in the natural way as wxX(s) = wxt) for sO [t, t + h[, t O T;.).
4. A quasi-control is defined as

nsup

Cw(t), o) <1,
Ssgna(t), [w®>1, tOT,

5. The norm of the residual of intermediate constraints on the quasi-control is defined as
Q(Twp) = ”g —H ;((tlz)”1

where X (t) (t O T) isthe trajectory of system (3.4) corresponding to the quasi-control w(t) (t O T).
For given g, €, = 0, the available control u(t) (t O T) is caled an g,&,-solution to problem (3.4) if the
corresponding trajectory x(t) (t O T) satisfies the inequality
ex(tD —extD <&,

where X’(t) (t O T), and the norm of the residual of the terminal constraints g (u(-)) = |lg — Hx(t*)|| satisfies

the inequality g (u(+)) < &, for the control u(t) (t O T). If the pseudocontrol wx(t) (t O T,) constructed on the
basis of T, satisfies the inequality |a(t)| <1 (t O T,,,), then wxt) (t O T,,) isan optimal control for problem

a(t) =
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(3.4). If, for agiven g, = 0, theinequality ||g (Tl <&, issatisfied for the pseudocontrol w(t) (t O T,) con-
structed on the basis of T, then & (t) (t O T) is aOg,-solution to problem (3.4).

In [3], dynamic implementations of primal and dual adaptive methods for problem (3.4) were described.
Here, we briefly review the essence of the dual method.

In the iteration process of the dual adaptive method, the support T, is replaced by a new support Tap
so that §(Tsp) < §(Ty,)- Theinstant t° O T, such that |ext%)| = max|ext)| (t O T,,,) is removed from the
support.

In order to determine an instant to be added to the support, the following operations are carried out.

1. The variation of the vector of potentials, Av, is calculated.

2. For the dual problem of (3.4), the rate of change of the objective functional is calculated.

3. A short step is calculated along the direction Av that ensures the appearance of a new zero of the
cocontrol being varied. This step causes a positive jump of rate in the change of the dual objective func-
tional.

4. Auxiliary information stored in the computer memory is transformed.

5. Operations 2—4 are repeated until the rate of change of the dual objective functional becomes a non-
negative value.

6. Thelast zero T of the varied cocontrol is added to the modified support Ty, instead of the support
element t,.

While modifying the support, additional information is used. It includes the set of nonsupport zeros of
the cocontrol T, = {t 0 T, ,\0 : At — A) < 0}, the set T, nup = Toup & Tasupo 0 {0, T} = {t, KO K O
k* +1} (K=1{0, 1, ..., k*}), the number

0sgnA(0), 00 Ty,
Yy=0 .
sgnAch), 00 Tops

and the vector

t+h td
p= G®@)bddw(t) + [G(8)dda.
tDZnsup .II .!

According to [3], thefollowing data are stored and transformed in the course of iteration: (1) the support
Tap (2) theset T 0, (3) the support matrix Dy,,; (4) the quantities G(t), We(t) (t O Ty, neup\t¥); (5) the vector
p; (6) the number y and the support values of the pseudocontrol wxt) (t O T,,); and (7) the vector of poten-
tialsv.

Thus, the algorithm described in [3] producesthe optimal support Tgup of problem (3.4), the correspond-

ing optimal control W’(t) (t O T), and the data (1)—(7), which will be used for the asymptotic correction of
the solution to problem (3.4).

At small 9, the optimal control constructed for the linear system (3.4) and used to control the nonlinear
system (2.1) works rather satisfactorily (see the example below).

However, in order to extend the set X for which a solution to problem (2.1) can be constructed with a
given accuracy, we invoke the following procedure.

3.2. Asymptotic Correction of the Solution to the Linear Problem

We embed problem (2.1) in the family of problems depending on asmall parameter u — 0 (aquasilin-
ear optimal control problem)

cXtD — max, x = Ax+a+pug(x)+bu, x(0) = X,,
xtDOoXO Ju@®l<1, tOT.

(In the quasilinear optimal control problem, u plays the role of avariable rather than a parameter; i.e,, it is
akin to the variable t rather than to the parameters A and b.)

(3.6)
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For i = 9§, problem (3.6) includes problem (2.1). An asymptotic method for the construction of an open
loop solution to problem (3.6) was described in [6-8]. Here, we give some definitions and results that are
required for the further consideration.

For afixed parameter |, the piecewise continuous function u(t, p) (t O T) satisfying the inequality |u(t,
W| < 1iscaled an available control. An available control is called afeasible open loop control if the corre-
sponding trajectory x(t, ) (t O T) of system (3.6) satisfies the constraint x(t*, n) O X*. A feasible control
u(t, ) (t O T) that minimizes the objective functional of problem (3.6) is called an optimal open loop con-
trol (U’(t, W), (t O T) isasolution to the parametric optimal problem in which, in contrast to the quasilinear
optimal problem, L isaparameter (as A and b), and it is the dependence of the classical (rather than asymp-

totic) solutions on this parameter that is analyzed.) For a given positive integer s, the family us(t) = { uﬁ ),

H— 0} (t O T) of available controlsis called an symptotically s-optimal open loop control for the quasi-

linear problem (3.6) if the following asymptotic equalities hold for the trgjectories xﬁ OEOT,u—0)

corresponding to the controls uy, (t) (t O T, b — 0): ¢x(t*, p) — ¢'X;, (t*) = o(%), HX;, () — g = o(u®) as
— 0.

" The key elements of the optimal control u’(t, ) (t 0 T) for problem (3.6) are the switching points t;(1)

(4= rkD) and the vector of potentialsv(p). Following [ 7], in order to construct an asymptotically s-optimal

control, we calculate the coefficients z = (t, ] = 1, kU; v{', i = 1,m) (k= 0, s) of s-degree Taylor's poly-
nomials of the functions t;(u), v(L):

tw = Y uY =1k viw = JuV i=1m
k=0 k=0

The coefficients z,= (t,j = 1, kU, v{', i = 1, m) arefound by solving the basic problem (3.4) in the class
of piecewise continuous functions. They are constructed by solving the refinement equations (see [3])

Ry(2) = 0 3.7)
inthe variablesz= (t,, j = 1, k0, v;, i = 1, m), where

tj-¢-l

kO
(-1)'y [ G(t)bdt -3,
Ro(2) = jZO ‘[

(Wilt) —V'G(t))b, j = 1, kO

(3.8)

System (3.7) is solved by Newton's method. The approximation z'O of the elements z, is calculated by the
formula

Zo =2 = lg(Z YR Y, | = 1,1,
where | (2) is the Jacobian of system (3.7):
2(-1) " yG(t)b, j = 1, kI Omem O

]
1o(2 = E S — T
Odiag((v'G(t;) —W(t;)) Ab, j = 1, kD) —(G(tpb),j =1, kOO

Then, wedefinez, = z'cf , where z'o0 isthe approximation that ensurestheinequality || Ro(zl(f)
€20.

< eforthegiven

Theinitial approximation z5 = (], j = 1, kU, v/® i = 1, m) is composed of the elements of the set
TrapMO, t¥) (10 =0, t,, = t0) and of the optimal vector of potentials obtained by solving problem (3.4)

in the class of discrete controls. The quantities G(t]), w(t*®) (j = 1, kU), and the vector p are used to

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 42 No.7 2002



938 BALASHEVICH et al.

calculate Ry( 28 Yyand I 28 ). At every iteration step of Newton's method, the functions G(t) and i(t) areinte-

grated over theintervals [t)' ™, t7V7 (j = 1, kD). If the integration is performed in parallel, the total cost
of the refinement procedureis
|0
Ag = 5 max |t
ref lzll 1kD

o) _ 0(| |

According to [7], the coefficients z (k = 1, s) are calculated one after another by solving the systems of
linear equations

lo(z0)zs = —Ry(2),

2

R, 0
202, = ~ 2%~ 32— 2(2) 2~ Rz
0z

T

[Hx (tHty, ..., 10, |

Ri(2 = N

W2, j = 1, kD]

[Hx(tHty, ..., 1), |

Ry(2) = [

W(|2)b, j = 1, k|

and the functions x(t) = X(t | t,, ..., tw), Wt = Yt | 2) (k= 1, s) satisfy the equations
X, = AX +0(%(1), x,(0) = 0,

o = o 000

xi(),  %(0) =0,

b= A - B)wg®, w0 = o,

2
e H(Xf,(tx)z’ Yol 0, w0 = o,

where H(x, {) = P'g(X), X,(t), Yot (t O T) are the optimal trajectory and cotrajectory of the basic problem.
Having calculated the coefficients t* (j = 1, kD), v (i= 1, m, k= 1, s) and setting |1 = 5, we obtain

€8 = $8, =1kl v(©E) = TV, i=1Lm
kZO z

k=0

Thecontrol us(t) = (-1)ly (t O [t?_ 1), t(®)[,j = 1, kH+ 1) istaken for the open loop control of problem
(2.2).

Asarule, there are no severe restrictions on the execution time for the construction of the open loop con-
trol. For this reason, we do not discuss here the calculation of the required values of x(t), Y () t O T, k=
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1,_s), and their derivatives. Thisissue will be discussed in the next subsection in which the construction of
aclosed loop control is described.

3.3. Realization of an Optimal Feedback

It was mentioned above that, in a particular control process, the behavior of a nonlinear system is
described by Eq. (2.5). The redlization of the optimal feedback u* (1) is to be calculated at every current
instant T O T,,. Asin the construction of an open loop solution, one can use both the solution to the linearized
problem or its asymptotic correction.

The construction of an optimal feedback for the linearized problem is described in [3]. It is based on the
dual method. At every particular instant T O T,,, the problem

cx(tD— max, x = Ax+a+bu, x() = x{r), xtDOXO Ju®)l<1, tOT (3.9)

isconsidered inwhich theinitial statex(T) isset to the state x* (1) of the nonlinear system (2.5) reached under
the effect of the control u*(t) (t O [0, T[) produced by the controller and the actual (realized) perturbation
wx(t) (t O [0, T]).

Let u’(t| T, x* (1)) (t O TT) bethe optimal open loop control for problem (3.9) at the state (T, x*(1)). Then,
the control u*(T) takes the form u*(t) = U’(t|t, X* (1)). The open loop control u(t | T, x*(1)) (t J TT) is con-

structed as the quasi-control corresponding to the optimal support Tgup(r) which, in turn, is constructed by
the dual method as aresult of atransformation of data (1)—(7) stored at theinstant T — h.

Now, we describe a technigue for the construction of u*(t) (t O T) based on asymptotic expansions.

To define the concepts pertaining to closed loop optimal control, we consider the family of problems
(3.6) as an element of amore general family,

cx(tD — max, x = Ax+a+pug(x)+bu, Xx() = z
xtQOXE Jui)l<1, tOT,
which also dependsont O Tand zO X.

(3.10)

Letus(t| T, 2 ={ ufl (t]|1,2,0 — 0} (t 0 TT) be an s-asymptotically optimal open loop control for the
state (T, 2), Q, be the set of states (1, 2) for which closed loop asymptotically s-optimal controls uﬁ (T,2 =
uy (1] 1,2 ((1, 2 0 Q) exist.

The family u¥(t, 2) = { ui (1,2, 0 — 0} ((1, 2 [ ) iscaled the s-optimal closed loop control. Con-
sider the behavior of the system driven by unknown perturbations and the closed 1oop s-optimal feedback

x = f(xX) +bus(t, x) +W(t), x(0) = X,. (3.11)

Denote by x*(t) (t O T) the trgjectory of Eq. (3.11) corresponding to arealized perturbation w*(t) (t O T).

The function us*(t) = ujz (t, x*(t)) (t O T,,) will be referred to as a realization of the s-optimal feedback,

and adevicethat calculates the values of thisfunction in real time will be called the optimal controller [12].
We take the s-optimal control with a chosen sfor an optimal controller solving the local optimization prob-
lem for the nonlinear system.

We now describe an algorithm for a 1-optimal controller.

Prior to turning the controller on, we fix N points s (I = 1, N) on theinterval T and calculate and store

2N matrices F(s), F(t*)F-1(s) (I = 1, N), where F(t) isan n x n matrix solution to the initial problem F =
AF, F(0) = E.

Assumethat the controller have been constructed, has operated during thetimeinterval [0, T], and system
(3.11) reached the state x* (1) at T (I T}, For this state, we solve the basic problem (3.9). The switching points

. 0 . PN . .
and the vector of potentials z,(T) = {t; (1), j = 1, kH{t) ; v%(1)} is found by solving Egs. (3.7), (3.8), where
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z=21), k* =k*(1), y=y(1), and
td

g = §(t) = g- HFOF *(1)x1) - IH FEOF(9)ad?.

The collection S(t) = {Y(T), k*(1)} is called the optimal control structure for the basic problem. If 1)
coincides with St — h), we solve Eq. (3.7) by Newton’s method taking the elements z,(t — h), which were

constructed at T — h, asthe initial approximation 28 (7). Therules of transition between adjacent parts with
an invariable structure are similar to those described in [11].

In the process of solving the basic problem, we collect and store information required for the calculation
of the coefficients of the first approximation

£2(0) S
I F'®)bdd, j = 0 k), I F(s)F(9)bd9,

) 0

where j(1) is anumber such that t5,(1) <5 < £y, 1 (D (1 = L, N(®)), F1((1)) (j = 0, k{1)), and

S
J'F(s,) F(®)ad9, | = 1, N(1).

If the integration is performed in parallel, the cost of calculating these dataiis

|:| IO(T) D
A = [h+ z max |tf(')(T)—t?('_l)(r)|D(tCD_1,
0 Si-1xo O

where (1) isthe number of iteration stepsin Newton's method.
To calculate z,(T) = { tjl(r) ,j =1, k1) ; v!(1)}, we solve the system

1o(z(1) 4(1) = —Ru(zo(1)), (3.12)
where 1,(z,(1)) is the Jacobian matrix for Eq. (3.7) constructed in the course of solving the basic problem,

and the quantities x,(t*) and l]Jl(t?(T)) (j = 1, kKH1)) required for the formation of the right-hand side of
Eq. (3.12) are calculated by solving the equations

Xp = A%+ 09X (1)), x4(1) = 0,

. (3.13)
b1 = - A0 - LD, Wi = 0.

Theidea of aquick calculation of x,(t*) and L|J1('[?(T)) (j = 1, k1)) is based on quadrature formulas

N(T)

x(tD = ZF(tE)F‘l(a)g(x"(an»hl,
1=

W) = - 3 Wis 2L (s 1) F(8) F (@,

I'=st(1)

Here, N(T) isthe number of pointss (I = 1, N) that were fixed in advance and belong to theinterval TT, and
h, (I = 1, N) are the coefficients that depend on the quadrature formula (in the simplest case, h, = const for
| =1, N).
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Thevaluesx,(s | ) and Wy(s | T) (I = 1, N(1) ) are calculated using the information obtained before the
controller was turned on and after solving the basic problem:

iy -1 t?»f 1(1) .
X(s[1) = FOF X0 + Y Fs) [ F9)bdd(-1)'V(D
1=0 )
S S
+ F(s)F(9)bdd (-1)'y(1) + IF(a)F*(ﬁ)ads,

0
tiy(D T

Po(s|1) = (¢ —Vv'H)FIDF(s), | = L N().
Solving Eq. (3.12), wefind z,(t) and calculate t; (3 | D = t) (1) + 8t} (7). If

T<(3]1) <. <ty (8]7) <tD] (3.14)

then the structure of the control u'(t, d | T X*(1)) (t 0 T7) isidentical to the structure of the optimal control
w(t] T, x*(1)) (t O T7) of the basic problem. In this case, the control u'*(1) = y(1) isfed to system (2.4). The
violation of condition (3.14) meansthat o is greater than a number 1, > 0 (see [7]) such that, for || < M,

the structure of the optimal control u’(t, p | T, X*(1)) (t O T7) isidentical to the structure of u’(t | T, X*(1))
(tOTY. Inthis case, we set
0, ti|1)>T,
i = GO 40
Oy(D, ti(df<rt.

In doing so, we assume that the lengths of the intervals at which the structures of the controls u'(t, 8 | T
X*(T)) (tOTT) and Ut | T, x* (1)) (t O T7) differ from each other areinsignificant compared with the duration
t* of the process.

Remark 1. Theviolation of condition (3.14) can manifest itself asfollows: (1) ti Olp<T; (2 tﬁ Ol >
tie 1 B | 9; (3) tyey (8I7) > t*. In such cases, the solution to the basic problem is called quasi-singular. To
analyze the quasi-linearity, for example, in case (1), we first find |, satisfying the equation ti(uU D=1
from the asymptotic expansion. Then, we define the new quasilinear system

X = AX+ap,g(X) +vg(x) +bu, x(1) = xH1), Vv = pu—p,—0.

An asymptotic expansion in v is constructed using the asymptotic solution to the nonlinear basic system
(see[8])
X = AX+a+Hog(x) +bu, x(1) = x{1).
Quasi-singularity of the solution to the basic problem can also manifest itself in that the optimal control
w(t, d | T x*(1)) (t O TT) has switching points that are not taken into account in the structure of the control
Wt | T, x*(1)) (t O TY); for example, the (k* (1) + 1)th switching point can be close to t*. To analyze such

situations, “imaginary” (which are beyond the interval T*) zeros of the cocontrol of the basic problem are
used.

3.4. An Example
Consider the optimal control problem for adynamical system driven by the Duffing equation
X(7) — MaX, X; = Xy, X = =X +XA6+U, X (0) = x,(0) = 0,
X(7) =0, Ju@®)<L, tOT =1[0,7].

We use the following values of the control intensity L: L, = 0.1, L, = 0.2, L; = 0.3, and the corresponding
Sets X, = {(X;, %) & X | <06}, X, = { (X, %) : [X;| < T3}, X5 = {(X;, %) : |X| < TW2}. The system behavior will

(3.15)
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be analyzed for these sets. On every set, we approximate the nonlinear element of the system, —x, + xf /6,

by the function —x;. The corresponding approximation error o is 9, = 0.04788, &, = 0.22365, and ; =
0.698466. Thus, problem (3.15) is considered as an element of the following family of problems on each of
thesets X (i =1, 2, 3):

X,(7) —> MaX, X, = X,, X, = =X, + UX/63,+u, X,(0) = x,(0) = 0,
X(7) =0, Jut)<sL, tOT, i=123

Table 1 presentsthe results of an open loop solution to problem (3.15). Trajectories of system (3.15) were
constructed for the following controls: (1) u’(t) (t O T), which is the optimal control in the basic problem

(3.16)

Xy(7) — max, X; = X, X, = —=X;+U, X(0) = x,(0) =0,
%(7) = 0, lu®l<L, tOT, i=123;

2 ué (H (t O T), which is arealization of the asymptotically 1-optimal open loop control in problem

(3.16) for the fixed u = &; 3) u§ (H) (tOT), which isarealization of the asymptotically 2-optimal open loop
control in problem (3.16) for the fixed p = §,; 4) u’(t, d) (t O T), which is the optimal open loop control in

the nonlinear problem (3.15) produced by the refinement procedure described in [7]. In each case, the con-
trol was of the form

oL, tO[0,t],
0

ut) = L, tO[ty, tf, (3.17)
H., tO[t, 70

Table 1 presents the switching points of these controls an the terminal states of system (3.15): x, (7) is
the value of the objective functional, and x, (7) is the terminal residual.

Itis seen from Table 1 that, for small o (the set X,), the optimal control of the linear system yields satis-
factory results (row 1) compared with the optimal control (row 4) in the nonlinear problem. An asymptatic
correction of thefirst (row 2) and the second (row 3) order significantly improves the quality of control.

As d increases (the set X,), the quality of the optimal control in the linear problem sharply deteriorates
(row 1, the set X,), and the first-order correction (row 2) provides the same quality asthe optimal control in
the linear problem on the set X, . This quality improves by an order of magnitude when the second-order
correction is used (row 3).

If the set X is expanded, corrections are not that effective (see Table 1 for X3). In this case, piecewise
linear problems should be used as basic ones (see below).

Consider the construction of aclosed loop solution for the case L = L; = 0.3. First, we analyze the behav-
ior of system (3.15) driven by the optimal open loop control u’(t, d;) (t J T) and therealization u'*(t) (t 0 T)
constructed by the 1-optimal controller (h = 0.01) in the absence of perturbations. Solutions to Egs. (3.13)
were found by the Runge—K utta—Felberg method of the fourth or fifth order [13]. The control u'*(t) (t O T)
hastheform (3.17), and its switching points are 0.34, 3.49, and 6.908765. At t* = 7, the trgjectory of system
(3.15) driven by the control u'*(t) (t O T) reached the point (1.372104, 0.022574).

Let system (3.15) be affected by an unknown perturbation w*(t) (t O [0, t°[, t° < 7), w*(t) =0 for t > t°,
and the system is governed by the equation

X, = Xy Xp = =Xy +X/6+u+Wt), X, (0) = x,(0) = 0. (3.18)
System (3.18) affected by various perturbations w*(t) (t O [0, t°[) was fed with the following realizations of
the optimal feedback: (1) u'*(t) (t O T) produced by the 1-optimal controller that solved Egs. (3.13) by the

method described in [13]; (2) uﬁ,* (t) (t O T) produced by the 1-optimal controller that solved Egs. (3.13) by
the mean rectangular quadrature formulawith N nodes. These controls were given by formula (3.17).

For every perturbation, Table 2 presents the switching points of the optimal feedback and the correspond-
ing terminal states of system (3.18).
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Theresultsin Table 2 show that it is sufficient to use arelatively small number of nodesin the quadrature
formula; i.e., the asymptotic correction procedure places moderate requirements upon the computer mem-
ory.

4. GLOBAL OPTIMIZATION OF NONLINEAR SYSTEMS
In this section, we consider optimization of the nonlinear system (2.1) on the set X for which the error

of the approximation f ) (x O X) does not ensure that the technique described in Section 3 yields satisfac-
tory results.

Theideaof extending thistechniqueto larger setsis based on piecewise linear approximation of the non-
linear element of the system. Asin [5], we assume that the closure of X can be represented as a union of

polyhedral sets X, ..., X, such that intX; n intX; = O for i # j. The approximation f (x O X) is defined

as a continuous function that islinear on each set X; (j = 1, p). The approximation error & is again defined
by formula (3.1). Again, the solution to problem (2.1) involvestwo procedures: (1) solution of the piecewise
linear prablem; (2) asymptotic correction of the solution to the piecewise linear problem.

4.1, Solution of the Piecewise Linear Problem

In [5], an algorithm for the construction of an open loop and closed loop optimal controls for the piece-
wise linear system

cx(tD — max, %= f(x)+bu, x(0) =%, x(tDOXO |uit)<1, tOT. .1

was described. Every feasible control for the problem under consideration generates a trgjectory that goes
through a sequence Xil s e Xik of setsfrom X, ..., X5 and crosses the boundaries of adjacent sets at instants

0
control will be called optimal. Let X° = { th), X?D } be an optimal sequence of sets, and the affine hull of

., 6, _, O T. Such sequences will be called feasible, and the sequence corresponding to the optimal

[FEIEE

X{ n X7, , bethevariety {(x O R": Hx = g;}, where H; is an m-by-n matrix and g; is an m-dimensional

vector (j = 1, jU-1). The sequence X is called the structure of the optimal trajectory for problem (4.1).
Thefunction T (x) hastheform f (x) = Ax+ g ontheset X; , where A 1 R""" and a; 0 R". Moreover, Ax +

. . . . . A, .
a=A,x+a, ifHx=g(G=1jl-1)andH, (= 1,JD—l)aresuchthatrank%AJ H,-J ]E <nforj=

1, jl—= 1. For convenience, we renamethe variables asfollows: 8, =0, B =t",H.=H,g.=g,andm. =m.

Thus, if the structure X° of the optimal trgjectory is known, problem (4.1) can be represented as an opti-
mal control problem for the set of linear systems

J6,u) = c'x(ejD)H max, 4.2)
X(t) = Ax®) +a;+bu(t), tO[6, 4,8, jO0J={12..,i0, x®) = X, (4.3)
Hix(®;) =g;, jOJ, 4.4)

u)<1, tOT, 8<..<8; xOR", uOR, g OR", s
j:l,_jD, rankHj:mj<n, ejDTh, j=1,jD—1, 8, = 0, ejD=tD.

In problem (4.2)—4.5), theingtants 6 = (8,, ..., 6. _,) are calculated along with the control u(t) (t O T).

A vector 8 and adiscrete control u(-) are called an available control for problem (4.2)—(4.5) if they satisfy
constraints (4.5). An available control {6, u(:)} and the corresponding trajectory x(t) = x(t | 6, u(-)) t O T)
of system (4.3) are called feasible if x(t) (t O T) satisfies constraints (4.4). A feasible control {6°, u(-)} is
called optimal if it maximizes the objective functiona (4.2).

Problem (4.2)—(4.5) is solved in two steps.
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Tablel
Set Control (tOT) Switching points Termina state
X, uo(t) 0.607097 0.424657
3.748689 0.009744
6.890282
u ; (t) 0.580273 0.423734
3.726758 0.000219
6.890355
u§ (t) 0.580227 0.423731
3.726717 0.000199
6.890336
uo(t, 3) 0.579609 0.423709
3.726218 10~/
6.890434
X, uo(t) 0.607097 0.870482
3.748689 0.079389
6.890282
u ; (t) 0.499801 0.867089
3.660964 0.007758
6.890572
u§ (t) 0.489997 0.866479
3.653117 0.001670
6.890529
uo(t, 3) 0.486903 0.866301
3.650663 10
6.892421
X3 uo(t) 0.607097 1.353878
3.748689 0.274193
6.890282
u ; (t) 0.365681 1.372831
3.551306 0.071367
6.890934
u§ (t) 0.362827 1.372702
3.548675 0.067883
6.899304
u’(t, 3) 0.258456 1.370287
3.468555 10
6.915103
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Table 2
wr(t), t<t° t° Control (tOT) Switching points Terminal state
—0.3sin(4t) 6 u* (t) 0.41 1.311424
3.553450 0.067352
" 0.41 1.311424
Usg (t)
3.553420 0.067381
# 0.41 1.311424
Uaoo (1) 3.553449 0.067352
0.1 3 ut* (t) 0.35 1.143317
3.754725 0.023658
6.896317
" 0.36 1.143558
Ugg (1)
3.545102 0.023688
6.837803
# 0.35 1.143316
U1oo(t) 3552888 0.023656
6.839616
-0.1 3 ul* (t) 0.39 1.648328
3.407981 0.159169
6.946894
" 0.4 1.646080
Ugg (1)
3.397529 0.161189
6.943723
" 0.39 1.648322
U00(t) 3.408122 0.159111
6.946697

1. First, problem (4.2)—<4.5) is linearized along a feasible trgjectory. Formally, the linearized problem
retains the form (4.2)—«4.5), but the vector 0 isfixed. Thisisaproblem of controlling atime-dependent lin-
ear system subjected to intermediate state constraints. It is solved by the algorithm described in [4], which
is based on a dynamic implementation of the adaptive linear programming method (this algorithm was
briefly described in Section 3).

2. The solution to the linearized problem is corrected by choosing optimal instants of transition from one
domain of linearity to another.

A detailed description of this algorithm for solving problem (4.2)—(4.5) can be found in [5].

4.2. Asymptotic Correction of the Solution to the Piecewise Linear Problem
Asin Section 3, we correct the solution to the piecewise linear problem using asymptotic expansions of
the basic elements of the optimal control. To this end, we embed problem (2.1) in the following family of
problems depending on asmall parameter 4 — O:
cx(tD —=max, x = f(x)+ug(x) +bu, x0) = X, (4.6)
X@t*)OX*, Jui)<1, tOT,

where g(x) = (f(x) — f0)/8 (x O X). Taking into account the form of the function f (%) (x 0 X) and assuming
that the structure X° of the optimal trajectory is known, we write problem (4.6) in a parametric form as an

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 42 No.7 2002



946 BALASHEVICH et al.

optimal control problem for the step-like quasilinear system

J6,u) = c'x(ejD)H max, 4.7
X = Ax+a+ug()+bu, tO[6_ 6 | =10 x@) = x, (4.8)
Hx®©) =g, j=1j0 [u®l<1, tOT. 4.9)

Here g, = (f00 — Ax—a)/Sandx 0 X° (j = 1, j0). Thefunctionsg(¥) (j = 1, j)) are, obviously, infinitely
differentiableinintX;, and g(x) = g, () if Hx=g forj =1, jU-1.

The vector B(W) = (6,(W), | = 1, jl—1) and the piecewise continuous function u(t, p) (t O T) are referred
to asan available control if |u(t, w)|< 1 fort O T. At the points of discontinuity of u(t, W) (t O T), we assume
it to be continuousfrom theright. An available control {B(w); u(t, W), t 0 T} iscalled feasibleif the generated
trajectory x(t, W) (t O T) satisfies conditions (4.9) (by virtue of (4.8), thistrajectory iscontinuous). A feasible
control is called optimal if it maximizes the objective functional (4.7).

Now, we describe an algorithm for the asymptotic solution of problem (4.7)—(4.9). First, we give a pre-
cise definition of the asymptotic approximation to the optimal control.

A family of available controls { Gﬁ; uﬁ (1),t0T, . — 0} iscalled an asymptotically optimal control of
order s (asymptotically s-optimal for s=0, 1, ...) if the following conditions are satisfied for the trgjectories

X, () (t O T, p — 0) of system (4.8) generated by the controls { 6;,, u;, (t), t O T} (u — 0):
(0810 —CxX (05 W) = O™, HpG(O})—g; = O™, j = 1,

Here, X’(t, w) (t O T) isthe trajectory of system (4.8) generated by the optimal control {6°(p); uo(t, W), t O T}.

Below, we propose an algorithm that, for any given positive integer s, produces an asymptotically s-opti-
mal control for problem (4.7)—(4.9). Basically, this algorithm is close to that designed in [6, 7] for the
asymptotic solution of the quasilinear terminal control problem. It is based on the construction of asymp-
totic expansions in integer powers of the small parameter of the vector 8°(u) and of the switching points of
therelay control u'(t, W) (t O T).

Moreover, we show how the asymptotic approximations to the optimal control can be used to exactly
solve problem (4.7)—4.9) for agiven value of the small parameter.

4.3. Analysis of the Basic Problem

Problem (4.2)—(4.5) isformally obtained from problem (4.7)—<4.9) by setting u = 0. It is called the basic
problem.

Assumption 1. Problem (4.2)—(4.5) has asolution {6° = (G?,j =1, j0=1); ut), t O T}.

By the maximum principle [14], there exists anumber A, > 0 and vectors v7 , ..., i, of the dimensions
m;, ..., M, respectively, such that

PO)bu’(t) = maxy(t)bu, tOT, (4.10)

jus<1

where Y°(t) (t O T) is a piecewise smooth vector function that solves the adjoint system

b= Ay, t016°,6%, j=1,0 (69=6,6%=6,),

W(O;) = AgC—H vy

and has discontinuities at the points 62 s e G?D_l , Where it is continuous from the right, and

W(e)-0) = w@) -Hvj, j=1,j0-1.
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In addition, the following conditions are fulfilled:

WO(87)b(u’(8) - 0) —u’(8))) = vOH,(AX’(8]) +a;+bu’(8)-0)), | = 1,j0-1. (4.11)
The trajectory generated by the optimal control {6 u’(t), t 0 T} isdenoted by X(t) (t O T).

Assumption 2. A, > 0.
Then, without loss of generality, we can assumethat A, = 1.

Assumption 3. The cocontrol A%t) = ®(t)b (t O T) has afinite number of zeros tg, tij, which do
not include the points 8y, ..., 8., and the conditions A%(85 — 0) # 0 (j = 1, j0-1) and A’(t)) # 0 for

j =1, k0.

It is supposed that the zeros of the cocontrol are enumerated in ascending order. Under our assumption,

they will be switching points of the function u’(t) (t O T), which is arelay function due to (4.10): u’(t) =

sgnA’(t) (tOT). Inadditiontoty, ..., ty., only theinstants 67, ..., 8], , can be used as switching points.

Assume that there are k; zeros of the cocontrol in theinterval [6,, 9? [ (=1, jI-1). Consider the num-

bersy, = sgnA’@,) .y, = sgnA’8°_y) (=2, j0)andthevectors T) = (t,i=k,_, + 1, k) forj = 1, j 0,
where ky = 0 and k. = k*.
Upon solving the basic problem, we form the matrix

B,B, 0
lo = |B; B, Byl 4.12)
Bs By Bg

i—-k_,+1

Here, B, = (B, .1 =1, j0) and B} = (2(-1)

i yIHchqu)I(tio)’ i=k_;+1,k), where

o-t
O Fee®, >,

o, =0O=
CE, j=1I,
g .
o, j<l,

o,(t) = F(Hb (I = 1, j0), and F,(t) is an n-by-n matrix function that solves the initial problem F, = —F/A,,
Fi(6)) = E. The other blocks of matrix (4.12) are as follows:

B, = (B, j=1,j01=1,j0-1);
| 6;

Hi®j(A = AL )| DX+ Y @y [ F(9)(UT(9) + )
=1 e,

oy]
=
N
N
1

_kl—l

kI .
+qu)j|[(y|(_1) —V|+1)b+a|—a|+1], Jil,
K —Ky_q
B? = H,(AX(69) +a, +y,(-1)"""b);
B, = diag(A(t?), i = 1, kD);

B, = (B, j=1j01=1j0-1), B = (W6 -0)A-w*(O)A )P, i =k _s+1k);

Bs = (BY,j,1=1j0, BY = (H®,0,t),i=k_,+1K);
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. : : i—k_ +1 , L
B = (BY,j=1,j0-1,1=1,j0, B = (2(-1) YV H A @08, i = k_y + 1, K);

= (B, j,1 =1, j0-1),
| 6
B(7) = V?IHI¢I|(A| _A|+1) ¢|0X0+ Z q)Ii I FI(S)(bUO(S) + a|)d8

kI_kl—l

—YiDb+a =] + (e —Y; (1) T (WO (6] —0) A — WO (BD) AL ) By,

. . ki—ki_; kj—Kkj_1 \ .
izl B = VHAAXE) +a+y(-1)" D) + (v (=D =y )W (8D A L1

+V?'Hj¢jl[(yl(_l)

. - - ki—k 4 , .
Bs = (B, j=1j0-1,1=1,j0, BY = ((y;(-1)" "=y . )H®b), j#I;
B = (H;(AX(0) +a;+y,(-1)" b))

Assumption 4. The conditionsrankB, = :D: ,m; and detl, # 0 are fulfilled.
4.4. The Structure and Asymptotic Behavior of the Solution to Problem (4.7)—<4.9)

Before proceeding with the description of the algorithm for constructing asymptotically optimal controls
for problem (4.7)—(4.9), we prove a theorem that establishes the structure and the asymptotic properties of
the solution to this problem. The proof is constructive and, thus, predefines further calculations.

Lett), ..., t, B b v s By 65 o, By, tkjﬂ_lﬂ, ..., t be different numbers from the interval
16y, 6;:[ ordered in ascending order. Consider thevectors0 = (6, ..., 6 ) and T;=(t,i=K;_; + LK) (j =

er), and denote by x(t, Ty, ..., Tjs, 6, W) (t O T) the trgjectory of system (4.8) generated by the available
control {6; ut, T, ..., Tjs 0),t 0T}, where

%Vlv t0 8, ta,

5(—1)‘\/1, tO[t G, | =1k —1,
kl
H-1)"%,, tO[t, 64,
Ol
u(t, T,, ---,T,-u,e) LT TE T T PPTPUURPTP U 4.13)
%Vjﬂ! tQ [ejD_]_! tkj]_1+1[1
[l i_kjﬂfl . - A .
g—l) Yo tO[t el 1= Ko, +1, k-1,

o~ k,j 1
-0y g tO [t 8.

Furthermore, let v,, ..., v;. be vectors of the dimension my, ..., m., respectively. Denote by W(t, T, ..., Tjs,
B, Vi, ..., Vs, W) (t O T) the piecewise smooth vector function that solves the adjoint system

_ 0g;(X(t, Ty, ..., T;5, 0, 1)) . _TT
b= -0 +p j W, t018,..,6], =10
oL ax e (4.14)

UJ(GJED = C—H}DVJ-D
and has discontinuities at the points 8, ..., 6. _;, whereit is continuous from the right, and
(B, —0) = Y(®)—Hijv;, j=1,j0-1. 4.15)
Theorem. Under Assumptions 14, there exists a unique optimal control {O(u); u’(t, ), t 0 T} in prob-
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lem (4.7)—(4.9) with a sufficiently small (in absolute magnitude) u, where
Ut 1) = Ut To), o, Tel), 6(W), tOT. (4.16)
Moreover, the vectors T, (L), ..., Tj«(W), 6(W) are infinitely differentiable functions of the small parameter p
and T;(0)= T} (=1, j0), 6(0)=©°
Proof. Consider the system of equations
Hix(6;, Ty, ... T, 0,)—g; = 0, j = 1,0

Wty Ty s T3, 0,Vp, 0 Vg, b = 0, i = 1, k0
- 4.17)
ViIHI{AX(O), Ty, .., Tin 8, 1) +a; + Hgi[X(6), Ty, ..., Ty, 0, )] +(-1)" "y;h}

+[yJ+1 ( 1) v]wl(ej’TIV"'lTjEl!e’V]J"'leDlu')b = 0, J = 1,J|:|_1,

intheunknownsT;, ..., Tjs, 6, vy, ..., v;x and verify, using theimplicit function theorem, that it has a solution
for sufficiently small p.

K —kj_1

Consider the vectors z= (T, ..., T+, 8, v, ..., ;) and = (T7, ... Tj, 6% vy, ..., V}y). Denote by
R(z W) the vector function composed of the left-hand sides of Egs. (4.17) and write this system in the form
R(z,pn) = 0. (4.18)

R(z W) isdefined inthe domain ||z— z)|| < €, |H| < Mo, Where € and |, are sufficiently small positive numbers.

Under the smoothness assumptions for the functions g;(x) (j = 1, jU), itisinfinitely differentiable. Thiscan
be verified by sequentially applying the theorem on the differentiability of solutionsto ordinary differential
equations with respect to the initial data and parameters to the primal system (4.8) and dual system (4.14),
(4.15) on the intervals of constancy of function (4.13).

Note that u(t, T3, ..., T/, 69 = 0t xt, T, ..., Tj, 8%, 0)=x(), and Y(t, Ty, ..., Ty, 6% V7 .., Vi) =
WO(t) for t 0T, Then, Hix(67, T3, ..., s, 6% 0) —g = Hx(6)) —g forj = 1, jOand @i(t7, T3, ... T}y,
6% V1, ... Vo, Ob = A%t’) = 0 for i = 1, kD, Finally, by virtue of (4.11), we have v¥ H[AX(6], T3, ...,

ki—k 4 kj—kj_s .
T, 6% 0) + g + (1) " yb] + [y, - (-1) VI8, Ti, ... Tjn, €% v, .., vjn, Ob =
VO HIIAX(8]) + a + bu(8) — 0)] + WO (8])b[L(B]) — u(B] — 0)] = O for j = 1, jU—1. Therefore,
R(z,, 0) = 0.

The Jacobian 0R(z,, 0)/0z of system (4.17) isidentical to |, (see (4.12)) and is, therefore, nonsingular.

Thus, system (4.18) or, whichisthe same, (4.17) satisfiesthe conditions of theimplicit function theorem.
By this theorem, infinitely differentiable functions t;(p) (i = 1, kUJ), 8(w) = (8,(), ..., B« _1(W), and v;()
(4= er) are uniquely defined in a certain neighborhood of zero || < |, such that they satisfy Egs. (4.17)
and the conditions t(0) = t° (i = 1, k[J), 8(0) = 8°, and v;(0) = v{ (j = 1, j). This means that, in problem
(4.8) with a sufficiently small |, there exists afeasible control {8(p); u’(t, p), t 0 T} and vectors v, (W), ...,

v;«(1) such that the function u’(t, ) (t O T) has the form (4.16) and its switching points t;(u) (i = 1, kU) are
zeros of the cocontrol A(t, W) = Y'(t, Wb (t O T) constructed on the basis of the piecewise smooth solution
Y(t, w (t O T) to the adjoint system

t, . -

Gy, to18,_,00. 8,01, = 170

0
lIJ - _%A M a— 2 (Xx
Bo() = 80, B;(W) = B,

WO, = c—Hv;dk), W) =0, 1) = W(O;(), W) —Hjv;(w), | =1,jH-1,
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where X(t, W) (t O T) is the trgjectory of system (4.8) generated by the control {O(); ul(t, w), t O T}. In
addition, the conditions

W (0;(1), K)LA; .+ X°(8;(), 1) + &4 1 + bu’(8;(1), W)]

= P(6;(1) -0, WA X(O(1), W) +a, +bu’®,(W-0,W], j=1,j0-1

arefulfilled. Using Assumption 3 and the implicit function theorem (more precisely, the assertion about the
unique solvability of the equations), it is easy to show that, for a sufficiently small , the function A(t, )

(t O T) vanishes only at the pointst;(u) (i = 1, kL), and u'(t, ) = sgnA(t, 1) (t O T). In combination with
(4.19), this means that the feasible control {B(u); u’(t, p), t O T} satisfies the maximum principle [14]. To
complete the proof of the theorem, it remainsto verify that the control {8(p); u’(t, ), t 0 T} isoptimal and
that problem (4.8) has no other solutions. Thiscan be done using areasoning similar to that used in the proof
of the fundamental theorem in Section 2.1in [7].

(4.19)

4.5. Construction of the Asymptotic Expansion

Since the vector functions 8(u), T,(W), ..., T(W) are infinitely differentiable, the following asymptotic
expansions are valid:

6 06°+ 5 p'e", T DT+ y WTf, | =10
k=1 k=1

Let a positive integer s be given. It is easy to verify that the family of controls {85(W); ust, W), t O T;
p — 0}, where

Ut ) = Ut TIW), - Tid), 8°W),  tOT, (4.20)
eS( 0 : kqk S 0 > k—k . _|:|
k=1 k=1

is an asymptotically s-optimal control in problem (4.8). To construct this control, one must find the coeffi-
cients 0¥, T'{, T:.(D (k= 1, s) of Taylor's polynomials (4.21). Here is an agorithm for the calculation of
those coefficients. First of all, we expand the left-hand sides of Egs. (4.17) in powers of the small parameter.

The vector functions x(t, Ty, ..., Tjs, 6, W and Y(t, Ty, ..., Tjw, 6, vy, ..., Vs, W) (L O T) areinfinitely dif-
ferentiable at every point of their domain and, therefore, admit the asymptotic expansion

[

Xt Ty T 0,00y WX(t, Ty, 0, T 6),

k=0

- (4.22)
W, Ty, o, T, 8,Vg, 0 Vo, W) O z nf et Ty, e T30,V v ).
k=0

Using the Poincaré formalism, we set up the following differential equations for the functions x,(t) = x(t,
Th, oo T 8) @0d Yt = Wi, Ty ooy Tir, 6,9y, .o, V) (K= 0, S):

Xo = AXo+a +but, Ty, ... Tj5,8), tO[8_ 1,8 =10 x(68) = %,

1, jD! qJO(eJ'D) = C_H;DVID (4'233)

qJ():—A}qJOa tD]Gj—LGj], j

Wo(6;—0) = Wo(8)) —Hjv;, | = 1, j0-1,

X1 = A+ gi(%()), tO[6;_, 8, | =1j8 x(8) =0,

. | OH (xy(D), t ) —
by = -, - DGO g0 01 =100 wiep =0 (4.23)
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o = apg+r 0D toge, el j =110 x(@) =0
2
b = - - PO THEOLBO, ) yg0), - 170

where Hj(x, ) = @'g(¥) (] = 1_JD) Note that the functions Y (t) and (t O T, k= 1, ) are continuous, as
well asthe functions x(t) (t O T, k= 0, s).
By virtue of (4.22), the following asymptotic expansion takes place:

Rz W0y HR(E.

k=0
Here,
i Hi%(8), Ty, ... T,08) =g, | =1,j0 ]
Woti, Ty o Ty V1,0,V 0b, i = 1kO
Ro(2 = . i ,
VJHJ[A]XO(GJ,T]_, ""TjD’e)+aj+(_1)J = bi]
Ki—ki_; , . -
1Y = (D YW O, Ty o T 8,Ve, o vi0b, = 1, j0-1]
I H%(8), Ty, ... Tj08), j=1,j0 ]
Ri(2) = | Wit Ty, o, Ti5,0,v5,..,v,)b, i = 1,k0 |
ViH [AX,(8), Ty, ..., T, 8) + gj(Xo(8, Ty, ... Ty, 8) ]
ki—ki_; , . -
Y= (D)7 Y06y, Ty, o T 8,V .,V )b, = 1, j0-1]
[ Hi%(8), Ty, ... T 8), j=1,j0 ]
RU2) = Whti, To, oo, Ti0,8,V4 v db, i = 1, kO |

ViH { Ajxo(8;, Ty, s Tj 0) + [09;(Xo(8), oy ., T, 0))/0X] Xo(65, T, .., T, O)}

ki—ki_y . . .
L Y= (D) YW, Te o T 8, vib, = 1,2, j0-1

Since the vector functions v, (p), ..., vi-(1) areinfinitely differentiable, the following asymptotic expansions
arevalid:

[

o) =1,j0

Vi) Ov) + 5 vy,
k=0
Letz=(T1. ... Tjo, 65 Vi, ... vio) (k=1 s)and 4 = S5 'z

Expand the vector function E -0 pk R{(z(W)) in Taylor’sseriesin powers of 1 up tothe order sinclusive
and equate the coefficients (beginning with the one of W) to zero. Thisyields nonsingular systems of linear
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equations
1oz, = —Ry(20),
oR 1.,0°
7, = =52 ()n - 342w~ R, @24

Solving them one after the other, we obtain the vectors Ty, ..., T', 85 VY, ..., Vii; (k= 1,'s). The Jacobian

I, hastheform (4.12). Theright-hand sides of systems (4.24) areformed by integrating Egs. (4.23) and solv-
ing the differential equations for the partial derivatives of the vector functions x, and {, with respect to the
components of the vectors Ty, ..., Tjs, 6, vy, ..., V- (see, eg., [15]). It must be taken into account that

u(t, T7, ..o Tio, 89 = U0, Xg(t, Ta, ..o T, 69 =0, Wit T7, ..., Tj, 8% vy, .., Vi) = ot for t O T.
In particular,

Ri(z0) = Po(t)b, i = 1, kO
VIH,[AQE) + g, 0@ + Iy 41— (1) Ty Jwo@®)b, j = 1,j0-1

where x(l) ), l]J(l) (t) (t O T) are continuous solutions to the following systems of differential equations:

X, = Axg +g,001), tO[60_, 0%, =10 x(8) =0,
. o oH OO, Wt .
b = -, - QRO iye 60, =170 g =0

Since the Jacobian 1, has the form (4.12), the first system in (4.24) can be split: first, the system of order

j* =1 isused tofind 8", and then the vectors (v1, ..., V;y), T1, ..., T, are calculated one after the other. A
similar decomposition can be performed for the other systemsin (4.24). Solving these systems one after the
other, we find the coefficients 6, Ti s e T;‘D and, therefore, polynomials (4.21), which yield the asymptot-

ically s-optimal control (4.20).

The asymptotic approximations of the roots of system (4.18) thus constructed can be used to find the
exact solution of this system and, therefore, the initial problem for the given value of the small parameter.
This can be done by applying the refinement procedure described in [7]; i.e., the roots of system (4.18) are
found by Newton’s method with the initial approximation z(u).

As in Section 3, we calculate the coefficients z, (k= 1, s) and then t;(3) = ZS 6kt'j‘ (=1 kD) and

k=0

610 = 3; 86" (i = 1, j0-1). The control ui(t) (t 0 T) of the form ((4.13) with t; = t°(8) (j = 1, kD)

k=0

and 6, = ef(a) (= 1, jU-1) istaken for the open loop solution to problem (2.1).

4.6. Realization of an Optimal Feedback

The realization of the globally optimal feedback for nonlinear systems is essentially the same as the
method used to realize the locally optimal feedback for nonlinear systems described in Subsection 3.3. The
difference isthat the necessary procedures are more complicated. More precisely, at every current instant T,
the optimal solution to the piecewise linear (rather than linear) problem obtained for the preceding instant
T-hiscorrected. Sincethe current states x* (1 — h) and x* (1) of the nonlinear system are close to each other
for small h, this operation (see [5]) can be done rather quickly. Then, the solution to the piecewise linear
problem is corrected by the method described in Subsection 4.5, and the results are used to calculate the
coefficients of the Taylor polynomialsfor the instants of switch of the asymptotically optimal control. These
calculations do not require the solution of differential equations and do not take much time. Settingu=din
the asymptotic expansion, we find the current value u* (1) of the optimal feedback realization.
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To reduce the size of this paper, we omit the description of the procedures involved in this process. They
can be reconstructed using the results obtained in [5] and Subsection 3.3 of this paper.

4.7. An Example

We illustrate the approach to the global optimization of nonlinear systems described in this paper by the
problem of optimal damping of a simple pendulum:

10

u(t)dt — min, X; = X,, %X, = =sinX,;+U, X,(0) =15, x,(0) =0,
{() 1= X % 1 1(0) 2(0) 4.25)

x,(10) = x,(10) = 0, O<u(t)<05, tOT = [0,10],

inthedomain X = {(x;, %) : [¥,| < T¥2}.
We will use two approximations of the nonlinear element —sinx,: (1) the linear approximation —x,
(x O X), and (2) the piecewise linear approximation (1 —4/1)x, + 1 — 192 for x 00 X, = {(X, %) : T/4 < X, <
172} and —x;, x O X, = {(X;, %, } : [X;| < T¥4}. The error of the linear approximation is §, = 0.570796, and for
the piecewise linear approximation the error is &, = 0.110721.
Thus, in thefirst case, problem (4.25) is embedded in the family of problems
10

J.U(t)dt — mln, )'(1 = X2, )‘(2 = —X1+ }J.(Xl—SlnX]_)/él'f' U,

) (4.26)
x1(0) = 1.5, Xx,(0) =0, x,(10) = x,(10) = 0, O=<u(t)<05, tOT.
In the second casg, it is embedded in the family
10
J'u(t)dt —=min, X; = X,
0
1A%, + 1-TU2+ p(4m—1)x, - 1+ W2 -sinx,]/8, +u, x0OX,, (4.27)

E)—xl + U(X, —SinXy)/d, +u, x[OX,,

x,(0) = 15, x,(0) = 0, X,(10) = %,(10) = 0, O<u(t)<05, tOT.

In parameterized form, problem (4.27) iswritten as
10

Iu(t)dt —>min,
0

X1 = X5, X, = (1=4/T)X;, +1—-1/2+ u[(4HTT—1)X,—1+TU2-5sinx,]/d,+u, tO]O0,06,],
X1(0) = 1.5, x,0) =0, x,(0,) = 174, (4.28)
X1 = X, X = —X;+U(X;—SiNX;)/d,+u, tO[6,,10],
X;(10) = x,(10) = 0, O<u(t)<0.5, tOT.

Problem (4.28) corresponds to the basic problem
10

Iu(t)dt — > min,

X1 = Xo, X, = (1-4/M)x,+1-10/2+u, tO]O, 0],
x,(0) = 15, %,(0) = 0, x,(8,) = 104, (4.29)
)‘(1 = Xz, Xz = _Xl+ U, t |:| [el, 10] y

x,(10) = x,(10) = 0, O<u(t)<05, tOT.
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Table 3 presents the results of the open loop solution to problem (4.25). The trgjectory of system (3.15)
was constructed for the following two controls: (1) uf () (t O T), which isthe optimal control for the basic
linear problem

10

Iu(t)dt —min, X; = X;, X, = =X +U, X(0) =15 x,0) =0,
0

x,(10) = x,(10) = 0, 0<u(t)<05, tOT;

2 ui () (t O T), whichistheimplementation of the asymptotically 1-optimal openloop control for prob-
lem (4.26) with the fixed p = d;;

3 ug (t) (t O T), which isthe optimal control for the piecewise linear basic problem (4.29);

4 u% () (tOT), whichistheimplementation of the asymptotically 1-optimal openloop control for prob-
lem (4.28) with the fixed 1 = d,;

(5) U’(t, 8) (t O T), which is the optimal open loop control for problem (4.25) constructed by the refine-
ment procedure (see[7]) for the nonlinear problem (4.25).

In al cases, the control had the form

_ [O: t 0 [01 t1[ 0 [t2! t3[ 0 [t4! 10[1
u@® = 5, tO[ty, t[ O [ts, ty[. (*-30)

Table 3 presents the switching points of these controls, the instant 8, of transition between the linearity
domains for the piecewise linear approximation, the value of the objective functional, and the terminal state
of system (4.25).

Table3
Control (tOT) Switching points Instant 6; Valuefzfr]t(:rgﬁ)ggi ective Termina state

uf( t) 0.722734 - 1.696124 0.017095
2.418858 —0.516580
7.005920
8.702044

u i (1) 1.007916 - 1.489935 —0.012199
2.517443 —0.055845
7.547231
9.017574

u g o) 1.078442 1.233553 1.509974 —0.013850
2.593439 —0.111839
7.341674
8.876624

u ; (t) 1.064668 1.218658 1.496074 —0.001177
2.573226 —0.008707
7.553250
9.036841

ul(t, 8) 1.064547 - 1.496228 108
2.573684 108
7.566068
9.049386
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Table4
Control (tOT) Switching points Value of the objective functional Terminal state
ut* (1) 13 1.449193 0.000016
2.7 —0.001192
7.789350
9.287743
= 13 1.469973 —0.003723
U (1)
2.7 —0.002823
7.717981
9.257927
* 13 1.449858 —0.000074
Usp (1)
2.7 —0.001229
7.778486
9.278203
1 1.3 1.449955 10°°
Uzo0(t)
2.7 —0.001202
7.778420
9.278330
1 13 1.449982 0.000014
Uzoo(t)
2.7 —0.001133
7.778403
9.278366

Now, consider the construction of a closed loop control for problem (4.25). Asin Section 3, we feed the
control u'*(t) produced by the 1-optimal controller (h = 0.01) to system (4.25). The required values of the
functions x,(t) and Y, (t) (t O TT, T O T,)) were found by the method described in [13]. The control u'*(t)
(t O T) had the form (4.30) with the switching points 1.06, 2.58, 7.567630, 9.039940, and the instant of tran-
sition between the linearity domainswas 87 = 1.21. At t* = 10, the trgjectory of system (4.25) governed by

the control u'*(t) (t O T) reached the state (—0.000129, —0.000455), and the val ue of the objective functional
was 1.496155.

Consider the behavior of the system subjected to the perturbation w* (t) = 0.4sin(3t) for t (I [0, 7[ and
w*(t) =0 for t = 7, which is not perceived by the controller:

X; = X, X, = —sinx; +u+wHt), x,0) =15, x,0) = 0. 4.31)

Trajectories of system (4.31) were constructed for various realizations of the optimal feedback: (1) u'*(t)
(t O T) produced by the 1-optimal controller when the required values of x,(t) and ,(t) t O TT, T O T,) were

calculated by the method described in [13]; (2) ui,* () (t O T) produced by the 1-optimal controller when

the required values of x,(t) and g, (t) (t O TF, T O T,,) were calculated by the mean rectangular quadrature
formulawith N nodes (N = 10, 50, 100, and 300). The controls had the form (4.30). For each of them, the

instant of transition was 0 = 1.39.

Table 4 presentstheinstants of switching of the above contrals, the corresponding values of the objective
functional, and the terminal states of system (4.31).

Remark. In this paper, the set X in the stationary nonlinear system was independent of time. The effi-
ciency of our approach can be improved by considering sets X(t) (t O T) that describe neighborhoods of a
certain reference tragjectory containing the optimal trajectories (x(t) [ X(t), t O T). Then, the approximation
error o(t) (t O T) can be reduced for the “operating” domains of the phase space, and “nonoperating”
domains can be excluded from the consideration.
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