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Abstract—The problem of optimal observation of linear systemsis considered. Problems of posterior and posi-
tional estimation of the initial and current states of the observed systems by the results of incomplete and inac-
curate measurements are solved. The methods suggested are based on a specific (dynamical) implementation
of methods of linear programming. The efficiency of the suggested algorithms for optimal observation isillus-
trated with an example of afourth-order dynamical system.

INTRODUCTION

From the early 1960s, when R. Kalman [1] intro-
duced the notions of controllability and observability of
dynamical systems, observation problems have been
treated as dual to control problems. According to this
viewpoint, along with linear problems of optimal con-
trol [2] well known at that time, linear problems of opti-
mal observations must be considered. It is clear that
such formal reasoning cannot serve as a serious basis
for posing and investigating problems of optimal obser-
vation. Thetrue basisistherole of praoblems of optimal
observation in the optimization of control systems
under conditions of uncertainty, where the available
information about the current states of the systems opti-
mized is incomplete and inaccurate. In the case of sto-
chastic uncertainty, analogs of the theory of optimal
observation are filter theory, the theory of probabilistic
estimation, and the theory of prediction [3]. The main
problems in these theories may be considered as dual to
problems of stochastic optimal control. Nonstochastic
(multiple) uncertainties in the theory of guaranteed
optimal control [4] began being exploited only after the
modern theory of optimal control of deterministic sys-
tems was formed. Therefore, the dual analogs of prob-
lems of optimal control did not appear immediately.
The first propositions can be found in [5]. Much atten-
tionisgiven to observation problemsin [6-8]. In papers
[9, 10], problems of optimal observation began to be
treated as deterministic analogs of filtering problems
[3]. In thisapproach, linear problems of optimal obser-
vation reduced to semiinfinite problems of linear pro-
gramming. Algorithms for the posterior and positional
solution of problems of optima observation are
described in [11]. However, those agorithms do not
completely account for the dynamical specificity of the
problems under consideration. The purpose of this
paper is to realize the approach of [9] with maximal
regard for the nature of the problems of optimal obser-

vation of dynamical systems and for the conditions of
the process of actual solution.

Linear problems of optimal observation, as well as
the dual linear problems of optimal control, are not so
simple asto expect to obtain their solution in an analyt-
ical form. In both cases, the involvement of discrete
computational devices cannot be evaded. In this con-
nection, in [12] discrete controls were employed for
designing algorithms for the program and positional
optimization of dynamical control systems. For the
same reason, in this paper discrete signals of measuring
devices, which are determined at discrete time instants
with a small quantification period, are used. Such an
approach corresponds to a number of practical situa-
tions and allows one to avoid some analytical problems
associated with signals defined on the continuous time
axis. The employment of discrete time does not obviate
computational difficulties; for small quantification
periods, they become quite significant. These difficul-
ties cannot be overcome with the help of only the stan-
dard methods of linear programming [13, 14]. In this
paper, dynamical implementations of the adaptive
method of linear programming [14] are suggested that
construct both the posterior and positional solutions to
problems of optimal observation at a high rate.

1. STATEMENT OF THE PROBLEM

L et the behavior of adynamical system be described
onthetimeinterva T = [t t*] by the equation

X = A(t)X, (1.1)
where x = x(t) = (x;(t), ] 0 J) isthe n-vector of the state
of thesystemat timeinstantt, J={1, 2, ..., n}, and A(t),
t O T, is apiecewise continuous n x n-matrix function.
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Assume that the initial state x(tp) = X, of system
(1.1) isunknown, yet known to belong to abounded set

Xo = {xOR" dy £ x<d*}

(the inequalities are treated coordinate-wise).

Call the set X, the prior distribution of the state X, of
system (1.1), and call its elements (a priori) possible
states. The set X, characterizestheinitia uncertainty of
system (1.1). It will be seen from what follows that the
prior distribution can be written in the form X, = {x [J
R gm< Hx < g*, ds x < d*}. This does not influence
the efficiency of the methods presented below.

In order to decreasethe initial uncertainty of system

(1.1), we observe its behavior recording the signals of
the measuring device

y = c'(t)x+&. (1.2)
The measuring device (1.2) and its signal y will be
called discrete with a quantification period h > 0 (h =
(t* —tp/N, N is a positive integer) if (1.2) takes mea-
surements only at the instantst O Ty, = {tgtg+ h, ...
t*}, providing additional information about the
unknown realized initial state x, of system (1.1) in the
form of the numbers

y(ts), y(tx +h), ..., y(t*). (1.3)

As for the measurement error function &(t), t I T,
we assume it to be sufficiently regular; i.e, it is
obtained by the values of a piecewise continuous func-
tion &(t), t O T, which satisfies the constraints

Cxsg(t)=g*, tOTy,

and has few discontinuity points and bounded deriva-
tives on the continuity intervals.: The observation prob-
lem consistsin processing information (1.3) in order to
decrease the prior uncertainty.

Definition. The set X = X (y(-)) is called the poste-
rior distribution of the initial state x, of system (1.1)
corresponding to the measurement signal y(-) = (y(t),
t O T, if it consists of those and only those vectors x [
X, that can generate the recorded signals (1.3) together
with some possible measurement errors &(t), t O T,.

Under various other names, the set X was employed

in [5—7]. The choice of denomination for the set X is
connected with the interpretation of the observation
theory as a deterministic analog of stochastic filter the-
ory, in the framework of which prior and posterior
probabilistic distributions are widely employed.

L In the case where the signal of the measuring device contains
both the regular component of the error function &(t), t O T, and
the (noise) irregular (chaotically and rapidly varying) one, the
signal is preliminarily filtered, which gives a signa that corre-
sponds to the regular component of the error function.
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Bearing in mind the duality between the problems of

control and observation, we can treat the set X asan
analog of the reachability set X* in the linear problem
of optimal control

C'X(t*) — max, x=A{l)x+b)u, X(ti) =X,

(1.4)
O« SHx(t*)<g*, |u(t)<1, tOT,
if we define the set X* in the following way:
X* = {xOR" x = x(t*; Xp, u(+)), lu(t)| <1,
tOT} n{xOR" g, <Hx<g*}.
Here, x(t*; X,, U(+)) is the state of control system (1.4)
at theinstant t* corresponding to theinitial statex(t) =
X, and control u(-) = (u(t), t O T).

Thereachability set characterizesthe possibilities of
control system (1.4); the posterior distribution reflects
the possibilities of observation system (1.1), (1.2).

In general (where the number of measurements
(t* —tp/Nislarge), the set X hasavery complex struc-

ture; it can hardly be constructively described and
employed for solving problems of guaranteed optimal
control [11]. The situation with the reachability set X*
is quite similar. Fortunately, when solving problems of
guaranteed optimal control, one employs only linear

estimates for the set X of the form
a = maxp'x,
xOX

where pisagiven n-vector, ||p||= 1. Geometrically, the
estimate G isequal to the maximal projection of the set

X aong p.

(1.5)

We call elements x of the set X (posteriorly) possi-
ble (initial) states of system (1.1). A possible state x* is
called extremal (p-extremal or extremal for the direc-
tion p) if

p'x* = maxp'X.
xO X

A possible state X is e-extremal for agivene = 0 if
p'x* —p'x° <Ee.

The posterior solution of the problem of optimal
observation we refer to as the construction of an extre-
mal state and the corresponding estimate. The posi-
tional solution is defined in Section 6.

Extremal problem (1.5) is called the linear problem
of optimal observation.? The purpose of the construc-
tions below is the efficient solution of this problem.

2The problem of optimal observation investigated in [6] differs
from the presented one both in essence and in methods of solu-
tion.
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K nowing the posterior distribution X of the state x,
of system (1.1), one can find the posterior distribution

X (1) of the current state x(1)
X(1) = F(T, t,) X = {x O R™ x = F(T, t,)Xo, Xo O X} .

Here, F(t, tn = F(OF'(tp, F(t), t O T, is the funda-

mental n x n-matrix of solutionsto equation (1.1): F =
A(F, F(0) = E, Eistheidentity diagonal n x n-matrix.

To give an analytical formulation of problem (1.5),

let usfirst analytically describetheset X . For theinitial
statex [0 X, and theerror function &(t), t O T, thesignal
of measuring device (1.2) hasthe form

y(t) = c(t)x(t) +&(t)
= C'(t)F(t, te)x+&(t), tOT,.

Thus, for a measured signal y(t), t O T,, the set X

consists of those and only those points x [1 R" that sat-
isfy the relations

E* < y(t) —C'(t)F(t, t*)XS E*,
tOT,; X3 X,

Introduce the notation & {t) = § - y(t), §*(t) = £* — y(b),
d'(t) =—c'(HF(t, tp, t O Ty, Then, the problem of optimal
observation (1.5) takes the form

p'X — max,
Ex () sd'(t)x<&x (1),

d, < x<d*.

The interval problem of linear programming (1.6)
has the size (N + 1) x n; i.e., for small quantification
periods h, it is semilarge in the sense that it has alarge
number of main constraints for a fixed number n of
variables. In this respect, it is dual to the semilarge
problem of optimal control (1.4) in the class of discrete
controls (u(t) = U(t+ kh); t O [tg+ kh, to+ (kK + Dh),

k=1, N-1), wherethe number of variablesfor afixed
number of main constraints grows with decreasing
guantification period.

The standard methods of linear programming
[13, 14] are not efficient for solving semilarge linear
problems. Therefore, we direct our further efforts
toward generalizing the adaptive method of linear pro-
gramming [14] in order to efficiently solve semilarge
problem (1.6). The main tool of the adaptive method is
the support. In this connection, we start the construc-
tion by introducing its dynamical analog.
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2. THE SUPPORT OF THE PROBLEM
OF OPTIMAL OBSERVATION

In the sets T,, and J, let us choose arbitrary subsets
Ty O Tand J,,, O J having the same number of ele-
ments: [Ty, | = [Jsup |- Compose the following matrix:

_Qdi, (03,8
0t 0 Tep 0

Dap

Call the pair K, = { Ty Jsup} @SUpport of problem
(1.6) if detDy,, # 0. In the case of empty sets T, = [,
;:JiS(L)lPI)’l = [, the pair K, is an (empty) support by defini-

Let us present two “dynamical” ways of construct-
ing the support matrix Dy,

The direct method. For each j O J,,, integrate
direct system (1.1) with the initial condition x(tp) = g
(g is the jth unit vector) and, on the trajectory x(t),

t 0 T, calculate the values of the output signal Z1)(t) =
—C'(t)xU)(t) at the support instantst [1 T,,. Then,

sup*

up

0 ey O

D = 0z (t), J 0 ‘]supD
sup 0
Ot DTsup 0

The dual method. Let () be the costate of the
dual system

b =-A()yY 2.1)

with the initial condition Y(t) = —c(t)), t; O T, at the
instant t Then,

D = Dqu (t*), JD‘]SJPDI
O gy 0

In the method presented below, along with the sup-
port, we use the companion elements: (1) the function
of potentialsv(t), t O T;; (2) the vector of estimates A =
AQJ) = (4, ] O J); (3) the pseudostate K = K(J) = (K;,
j 0J); and (4) the output pseudosignal {(t),t O T,

The construction of the function of potentials starts
with defining its values at nonsupport instantst L T, =
T\Tp: V(1) = 0, t O T,. The support values v, =
V(T = (v(1), t O T,,) can be found from the equation

V'sustup = p'sup! (2-2)
where p,, = P(Jy,p) = (B, ] O Jgp)- In the case of an
empty support K, = 0, we assume v(t) = 0, t J T,

The vector of estimatesis calculated by the formula

A = P —VgpDiap: (2.3)
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where D, isthe matrix composed of the rowsd(t), t [
Tap- Here, A, = (4, J O Jg,p) = 0. The matrix Dy, IS
constructed similarly to the matrix D, by the direct or
dual method. If K, =0, then A=p.

sup

sup

To construct the pseudostates k and the output pseu-
dosignal {(t), t O Ty, first specify the nonsupport com-
ponents of the pseudostate K, = K(J,):

Kj = dy, if A;<0; K =dj*, if A;>0;

(2.4)
K;O[dy;, df], ifA; = 0; jOJ;

and the support values of the output pseudosignal ¢, =
C(Toup)

(t) = &, if v(1) <0;
(t) = &*, ifv(t)>0;
() O[&, &*], ifv(t) = 0;

2.5)
t0Tqp.

The support components of the pseudostate K., =

K(Jswp) = (Kj, ] O Jg,p) can be found from the systesfllr[; of
equations

sup

z d;(t)K; = 2(t) —y(t) - z di()K;, t0Tgy. (2.6)

i 0 3gp igJ,

Let us also present a dynamical method for deter-
mining the components of the vector Ky,,. Let K(t), t O
T, be the trgjectory of system (1.1) with the initial con-
dition X(t) = Xy, Where Xy = Xy(J) = (%; = 0, ] O Jyps %o =
K;, j 0 J,); and () = C'(H)K(t), t O Ty, bethe output sig-
nal of the observation device. Then, the system of equa-
tions (2.6) takes the form

Dsuszup = (Z(t) _y(t) + Zo(t)1 td Tsup)-

Let thefunction k(t), t O T, which isthe solution to
system (1.1) with the initia condition x(tH) = K, be
referred to as the companion pseudotrajectory for a
support K,,,. Then, the output pseudosignal is {(t) =
y(t) — c(OK(t) =y(t) + d(OK, t O T,

Let asupport K, be called regular if its companion
function of potentials and the vector of estimates satisfy
therelationsv(t) # 0, t O T, 4 #0,j O J,. Let apair
{x K,p} composed of aposteriorly possible state x and

asupport K, be referred to as a support state. A sup-
port state is called directly nonsingular if d < x < dJ* ,
J Oy &O<2) <&, t O T, where z(t) = y(t) - c(OX(t) =

yt) + d'(t)x, t O T,, is the output signal. It is called
dually nonsingular if the support K, isregular.
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The number
B(X, KSJp) = pIK - p'X

= z v(t)(Z(t) —2z(t)) + Z Aj(k;—x;)

t0T,, jod,

iscalled the suboptimality estimate for the support state
{X’ Ksup} .

3. CRITERIA OF OPTIMALITY
AND SUBOPTIMALITY

Let us use the support, first of al, to formulate the
main results of the qualitative theory of optimal obser-
vation. These results follow from [14].

The maximum principle. For the extremality of a
posteriorly possible state x*, it is necessary and suffi-
cient that there exists a support Ky, such that the sup-
port state { x*, K,,,,} and its companion elements satisfy

(1) the maximum condition with respect to the state
Ax* = max A'X;
d, s x<sd*
(2) the maximum condition with respect to the out-
put signal z*(t) = y(t) — c'(t)x*(t), t O T,

v(t)z* (t) = gTzaZ(z*V(t)z’ t 0 Tgp-

The support K, the existence of which is men-
tioned in the maximum principle, is called optimal.

The maximum principle implies as a corollary the
following criterion for the optimality of a support,
which is employed in the dual method for solving the
problem of optimal observation:

For the optimality of a support K, it is necessary
and sufficient that a certain companion pseudostate K
and a certain output pseudosignal {(t), t O T,, satisfy
therelations

de; <K <df,

J0Jdgp &es(t)sE¥,

3.1)
toT,.

The € -maximum principle. Given any € = 0, for
the e-extremality of a posteriorly possible state )¢, it is
necessary and sufficient that there exists a support K,
such that its companion elements satisfy

(1) the e-maximum condition with respect to the
State

AX = max A

d,;sxsdf

Xj—&q, Oy,

%
(2) the e-maximum condition with respect to the
output signal

v(i)Z(t) = ET?Z(E*V('[)Z_F’Z(U’ t O Ty
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(3) the e-accuracy condition

z ,(t) + Z € SE.

t0T,, joJ,

4. THE DIRECT METHOD

The direct method for constructing a posterior solu-
tion to problem (1.5) is iterative. At each iteration, the
old support state {x, K} is replaced with a new one
{x, Kgp} such that the suboptimality estimate
decreases: B(X, Kgp) < B(X, Kqp)- Weredize the itera-
tion step of the direct method in the form of two proce-
dures. (1) achange of the possible state x — X; (2) a

change of the support K, — Kgp. The task of the
first phase, which can be accomplished [14] with the
help of the method presented below in this section, is
the construction of the initial support state.

To simplify the cal culations, we assume below that,
at the iterations of the direct method, only directly and
dually nonsingular support states are used { x, K.} and
that, at the iterations of the dual method, only regular
supports are employed; the realized error function is
continuous.

We refer to an instant t O T\{t t*} as aminimum
point of the output signal z(t), t O T, if z(t) < z2(t—h) and
Z(t) < z(t + h), or amaximum point if z(t) > z(t - h) and

Z(t) > z(t + h). Denote by T, the set of minimum points
of the output signal, by T, the set of maximum points,
To=To OT,.

The sets T, and T, are constructed before the first
iteration simultaneously with the integration of the
direct system (1.1) and the construction of the output
signal z(t),tO T,

Suppose that at the beginning of the first iteration
the following information is known (stored in the com-
puter memory): (1) the possible state x, (2) the support
Kup: (3) the matrix Dy, (4) the support values of the
function of potentials v,,,, (5) the nonsupport compo-
nents of the vector of estimates A,, (6) the pseudostate
K, (7) the sets T, and T;, (8) the values of the matrix
function F(t) at the instants® t 0 T, O T, O {t t¥},
and (9) the suboptimality estimate B(x, Kj,,).

One can easily restore the extremal values of the
output signal and pseudosignal by data (7) and (8):
zt) = yt) - cCOFOFox L) = yt) -
COFMOF(tpK, tOT,.

3 If the function &(t), t O T, has a discontinuity at a point of the
closed interval [t, t + h], then the values of the fundamental
metrix at the pointst and t + h are also stored.
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Before starting the iteration, we make sure that on
the support state (for a chosen € > 0) the e-maximum
principle does not hold and that inequalities (3.1) are
violated.

Change of the possible state. Construct a new pos-
sible state x by therule x = x+ 6°, wherel =k —x and
6° isthe maximal step along | such that the inequalities
dgsx<di,jOd,and{=zt)<&* tO T, arenot
violated.

To find the direct step 6°, we determine

0, J U Jap: B(OT (1), 6o(t), tOTo U {ts, t*}; (4.1)
by the rules

(d, ;= x)/1;, if ;<0

a . _

oo, if 1; = 0;  j O Jgy:

& —Z(D)/1(1), if 1,(t) <0
0

B(t) = %(5* —z()/1,(1), if 1,(t)>0
(oo, if 1,(t) = O

(1) = Q(t)—z(t), tOToO{t,, t*};

T(t) = -1, if tO T, and d'(t)l >0;

or tOT, and d'(t)l <O; (4.2)

T(t) = 1, if tOTy and d'(t)l >0;
or tOTy and d'(t)l <O;
(ty) = 1, t(t*) = -1;

_z(t+1(t)h) —z(t)
Bo(t) = L(t+T(t)h) —1,(t)
4.3)

(C(t+T(H)h)F(t + T()h) — ¢ () F(t)) F(t,)x *
(C'(t+T)h)F(t + T(t)h) — C(t) F(t)) F(t,)! '

Here, d'(t) = —¢' (OFOF(tp — COADFDOF (Y.

The number 6; is the step along | such that the jth
direct constraint becomes active; 6(t) is the step such
that the output signal z(t) + BI(t), t O T, attains the
boundary &of &* at an extremum point t [J T, or at the

endsof theinterval T,,; thenumberst(t), t O T,, indicate
a possible direction of motion of the maximum and
minimum points; 8,(t) = 0 isthestepalong 1(t), t O T,
such that the extremum point of the output signal
movesfromthepoint tintot + T(t)h. StepsB,(t) <0 are
not taken into account.

We calculate the direct step 6° by stages. Let the (i —
Dth stage along | be accomplished and, before the ith
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stage, thesets Ty and T and the steps 8/ (t) and 8}, (t),
tOT, =T, O Ty, beknown.

To simplify the calculations, we assume that al the
numbers 0/ (t), eio(t),tD Tg,t O Tf) O {th t*}, aredif-
ferent, perhaps with the exception of the numbers
0, (t), By (t+h), t,t+h O Ty, wheret(t—h) =1, T(t +
h)=-1.

Calculate the step

6 = min{1,6,,6(ty), Bt} ;

6, = min6j; 0'(ty) = min6'(t),
e (4.4)

tOT, 0 {t,, t*};

Bo(t) = minB(t); tO T, O {t,,t*} .
In the case where 8/ = ; or 8 = 6(t,), weset 8° =
0 andt, = t}, fix the sets Ty and T for the new itera-
tion: To = Ty, To = T¢', and pass to the procedure of

changing the support. For 6/ = 6 (t'), we transform the
information stored in the memory in the following way.

(1) Let 6/ = B} (t'), t' O T}, be the unique number on
which the minimum in (4.4) is attained. Then, instead
of the instant t', store the instant t' + T(tHhh in Ty:
T, = (Ty\t) O {t' + T(thh} and, instead of the
matrix F(t'), store F(t' + 1(t")h) after integrating the
direct equation F = A(t)F on theinterval [ti, t' + h] or
[t — h, t']. Calculate the new steps 6+ !(t! + T(t')h),
0," *(t' + 1(thh) by formulas (4.2) and (4.3).

(2) If t' = thor t' = t*, then we put the instant t' +

(thhintotheset Ty: Ty'" = T, O {t' + 1(t)h}. Cal-
culate and store F(t' + T(t)h); set T(t' + T(t")h) = T(t).
Treat the situation as the appearance of a new extre-
mum point at the end of the interval T,. Calculate the
steps O+ I(t + T(tHh) B, (ti + T(t)h). Comparing the
valuesz(t') and z(t' + T(t")h), find out whether t' + t(t' )h
is the minimum or maximum point of the output signal
Z(t) + Bl(1), t' + t(tHh is the minimum point if z(t') <
z(t' + 1(t')h), or the maximum point if zt') > zt' +
T(tHh).

(3) For 8 = 0 (t') = By (t' + h), Tt = 1, T(t' + h) =
—1,t, t'+ h O T,, remove the points t' and t' + h from
theset Ty: Th' ' = Ty\{t), t' + h}, since, for thestep 6 >
0', the points t' and t' + h are no longer the extremum
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points of the output signal. Remove the values F(t') and
F(t' + h) of the fundamental matrix from the computer
memory.

(4) If 6/ = B (t) = By (t + h), T(t) = 1, T(t' + h) =
—1, and t' =ty then treat the situation as the disappear-
ance of an extremum point through the left end of the
interval T,. Remove the point t' + h from the set T,:
T, = Ty\ti + h; removethevalue F(t' + h) of the fun-
damental matrix from the computer memory.

(5) For 8 = 0y (') = B (t' + h), T(t)) = 1, By (ti + h) =
—1, t' + h = t*, the extremum point disappears through
the right end of the interval T,,. The new set of extremal
points hastheform T, = Ty\t'. Deletethevalue F(t')
from the memory.

The suboptimality estimate for the support state { X,
Iisup} is B(X, Kyp) = (1 = 89B(x, Ksup)- FOr B(X,
Ksp) < €, the process of solution of problem (1.6) is
terminated, because X is an g-extremal state. Other-
wise, pass to the procedure of changing the support.

Change of the support. The rules of the support
change depend on two possible (after the first proce-
dure) situations: (1) 6°= 6, ; (2) 8° = 6(ty). Let usinves-
tigate these situations individually.

(1) Let 6° = 8; . Following [14], construct the vari-

ationsof thefunction of potentialsAv(t), t 0 T,,, and the
vector of estimates Ad. For this purpose, first, specify
the values of the variation of the function of potentials
at the nonsupport instants: Av(t) = 0, t O T,, and the
variations of the support components of the vector of

eStimaIESAésuI,:Aa(Jsup): A5]0 =1if KjO > d]ko, Aé]o =
-1ifK; <d,; ,andAd=0,] 0J\],. Findthevalues
Avg,, = AV(T,,) = (Av(t), t O T,,) from the equation

AVyDyp = —A8,.

Thefunction Av(t), t O T,, generatesthe variation of the
vector of estimates

AS = —Avg,Diap) = —Z Av(t)d'(t).
t0Tg,

(2) For 8°=6(t,), construct the variation of thefunc-
tion of potentials Av(t), t O T,, by the following rules:
Av(ty) = 1if {(ty) > &, Av(ty) = -1 if {(t) < &7 and
Av(t) =0, t O T\t find the values Av,,, from the equa-
tion

AV‘SJDDSUp = _d'SJp(tO)AV(tO)’
Where dsup(tO) = (dJ (t())’ J 0 ‘Jsup)'
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Find the variation of the vector of estimates by the
formula

A8 = —AV'y,D gy — AV (t)d'(1o).

It isknown [14] that theinitial rate of change of the
quality criterion of the problem dual to (1.6) aong
Av(t), t O Ty AS, is

1_ Erp(Kjo’ [d*jo’ dTo])’ if eo = ejo

at=[ o a'<o,
%-D(Z(to), [€+, €¥]). if 67 =8(to)

where p(c, [a, b]) isthe distance between the number ¢
and the closed interval [a, b].

Calculate n numbers

-0,/A8;, if AAS,<0

o, =0 . o .
[Po, if A]ABJ 20, | O Jn,
O-v(t)/Av(t), if v(t)Av(t) <0
o(t) =[O

[, if V()Av(t) 20; tOTg,,.
The number o represents the step along Ad such that
the jth component of the disturbed vector of estimates
0(0) = A + 0Ad vanishes. Similarly, making a step o(t)
along Av(t), t O T,, we obtain the zero value of the dis-
turbed function of potentialsv(a, t) = v(t) + cAv(t), t O
Ty at theinstant t O T,
To simplify the calculations, we assume that all the
numbers g;, j O J,, and a(t), t O T, are different and

nonzero. Enumerate them in the ascending order:

O<o'<o’<... <ao".

Let the rate of decrease of the dual quality criterion
on theinterval [ok-!, o[, k=1, (6° = 0) be ak < 0. At
the point o, this rate has a discontinuity

*
Agk = %(djk —d, J.k)|A6J.Ii
(& - &0)lav(t)

and, at theinterval [o%, o** [ itisequal to ak*' = ak+

Aak. The number o* = o suchthat a* <0, o*** >

Oiscaled along dua step.
We shall distinguish two cases. (a) o* = O and
(b) o* = a(t*).
The new support Kep = { Tap, Jap } IS cONstructed
by the following rules: (18) Tap = Ty Jsp = Juphio) O

i (1b) Tap = Tu\ ™, Jap = JuNior (28) Tap =

sup
Tap 0ty Jsp = Jyup 0 J3 (2D) Tap = (TN ) O 1,

jst = ‘Jsup'

. k
,if o =ch.k

, if o = o(tk),
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The suboptimality estimate for the new support state
{ )_(’ Kwp } |S
k

B(X, Kap) = (1-0")B(X Kap) + Z o (a*—a* Y.

k=1

If B(X, Kgyp) <€, then the process of solution x of prob-
lem (1.6) isterminated. Otherwise, transform data (3)—(6).

In case (1a), we retain the matrix D, unchanged:
D(sup) = Diqup); in case (1b), we obtain Dsp) by delet-
ing the row corresponding to the instant t“ 0 Ty from
D sup)- TO construct the support matrix Dgyp , distinguish
in D(syp) thecolumnswiththeindicesj O Jgyp . INcase(2),
to obtain D(sp), We add the row d(t,) to the matrix
Disupyr 1N case (2b), we additionally delete the row
d(t*).

The support values of the function of potentials v,
and the vector of estimates are recal culated by formulas
(2.2) and (2.3).

Construct the nonsupport components of the pseu-
dostate K, = K (J,) and the values of the output pseu-

dosignal Z (t) at the support instants t O Tap by rules
(2.4) and (2.5). Solving system (2.6), we find Ky, =

K (Taup)-

Theorem 1. The method isfiniteif only directly and
dually nonsingular support states are used at its itera-
tions.

One can construct a modification of the adaptive
method [14], which isfinite for any problem (1.6).

5. THE DUAL METHOD

The method is intended to construct the posterior
solution to the problem of optimal observation (1.5)
and is iterative. At its iteration, the old support is

replaced with a new one K,, —~ Ksp such that the
nonoptimality measure of the support pu(K,,,) [14] is
decreased. The dual method for solving problem (1.6)
isobtained on the basis of the support change procedure
in the direct method presented in Section 4. In the pro-
cedure mentioned the elements j, and t, are constructed
in anew way:

pjo = max pj!

p(to) = ggagp(t);

Po = max{p;, p(te)} , P; = p(Kj, [d,;, dF]),
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The maximum of the function p(t), t U T,, can be
attained only at the points of extremum of the output
pseudosignal {(t), t O T,,. Therefore, to find the instant
t,, it suffices to know the sets T, and T of points of

the minimum and maximum of the output pseudosignal
(), t O T, respectively, as well as the values of the
fundamental matrix F(t) at these points. Then, the
extremal values of the output pseudosignal are {(t) =

y(t) - COFMOF (oK, t O Ty =Ty O Tp.

Thus, at the beginning of each iteration, the follow-
ing information is stored in the computer memory:
(1) thesupport K,,,,; (2) thematrix Dy, (3) the support
values of the function of potentialsv,,; (4) the nonsup-
port components of the vector of estimates A,; (5) the
pseudostate K; (6) the sets T, and T, ; and (7) the val-
ues of the matrix function F(t) at theinstantst [J T, [
To O {t t*}.

Information (1)—(5) for the next iteration is obtained
in the same way as in the direct method (the support
change procedure). L et us describetherules of transfor-

mation of the sets T, and Tj.

The new pseudostate K generates a new output
pseudosignal Z (t), t O T,, which can be constructed by
integrating the direct system (1.1) with the initial con-
dition Xx(t) = K aong the whole interval T. However,

the purpose of this paper is to construct an algorithm
that involves minimal integrations of the direct and the
dual systems. This purpose can be achieved by employ-
ing at each iteration the values of the output signal not
at all theinstantst O T,, but only at theinstantst O T, O
{tm t*} when the function p(t), t O Ty, attains its max-

imal values.

The values of the output pseudosignal correspond-
ing to the old and new supports are calculated by the
formulas

(1) = y(t) —c(OF(t t)K;

(1) = y() —C(F(t oK.
Therefore, the output signal is changed in the direction
AL(t) = —C'(OF(, (K —K).

Along with elements (1)—(8) stored in the memory,
we make use of the additional information

s(t), 9(t), t O Ty O {ty, t*}.
Calculate numbers (5.1) by the rules
s(t) = -1, if t0Ty and d'(t)(K—k)>0
or tOTy and d'(t)(K—k)<O0;

G.D

s(t) = 1, if tOTy and d'(t)(K—K) >0
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or t0Ty and d'(t)(K—K)<O;
s(ty) = 1, s(t*) = -1;

¢(t+s(th) —¢(t)
AL(t+s(t)h) —AL(1)

(C(t+ S F(t + shh) — ¢ (HFH))F (L )k
(C(t + SO F(t + ) —COFO)F(t) (K —K)

The numberss(t), t [ T, indicate the possible direction
of motion of the points of maximum and minimum;
9(t) = 0 isthe step for which the extremum point of the
output pseudosignal movesfromthepointtintot+s(t)h
along A{(t), t O T,. Steps 3(t) < 0 are not taken into
account.

Information (6) about the extremum points of the
output pseudosignal and about the values of the matrix
function F(t), t O T, at these points will be transformed
by stages. Let the (i — 1)th stage along A(t), t [ T,, be
accomplished and the information before the ith stage

havetheform Ty , Ty , 9(t), t 0Ty =T, O To .

(5.2)

9(t) =

Suppose that all the numbers 9i(t), t O Ty, are dif-
ferent with the exception of, perhaps, the numbers

9i(t), 9+ h), t,t+h O T, O {ty t+), wheres(t—h) =
1, st+h)=-1.

Cadlculate the step
9 =98'(t) = mnd'(t), tOT,O{t.t*}. (5.3)
9'(t=0

In the case 9' < 1, transform the information stored in
the memory in the following way.

(D Ift O Ti0 is aunique number on which the min-
imum in (5.3) is attained, then T, = (T,\t) O {t +
s(thh}; store F(t' + s(t)h) instead of F(t'); calculatethe
step 9(t + s(t)h) by formula (5.2).

(2 Forti=tmorti=t* set T,"* = T, O {ti+st)h}.
Calculate and store F(t' + (t))h); set s(t' + st )h) = s(t').
Calculate the step 9(t + s(t)h) according to (5.2). The
instant t' + s(t)h is the minimum point of the output
pseudosigna if {(t') < {(t' + s(t')h), or the maximum
point when {(t') > {(t' + s(t)h).

Q) If 9 =9(t)=9(t+h),st)=1,st+h)=-1,t,
t+hOT,, then Ty " = (Tp\{t, t + h}; delete the values
F@), F(t + h) of the fundamental matrix from the com-
puter memory.

(4) Inthecased' =9 (") =d'(t'+ h), s(t') =1, S(t' +
h) = -1, t' = t; delete the point t' = h from the set T:

T, ! = Ty\t' + h; delete the value F(t' + h) of the fun-
damental matrix from the computer memory.
Vol. 41
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(5) For 9 = 94 (t) = 95t + h), sty = 1, St + h) =

~Lti+h=tf set T,"' = Ty\t'. Delete the value F(t')

from the memory.

Theorem 2. The method isfiniteif only regular sup-
ports are used at itsiterations.

There exists a maodification of the dual method [14]
that isfinite for any problem (1.6).

On the efficiency of the method. As an efficiency
characteristic of the method for solving the problem of
optimal observation (1.5), take the number of complete
(along the whole interval T) integrations of the direct or
dual systems necessary for constructing the extremal
(e-extremal) state [15]. If, in the process of solution,
severa direct or dua systems are independently inte-
grated, then paralléel processors may be used for the cal-
culation and such an integration may be considered as
asingle one. Take oneintegration asaunit of labor con-
sumption for the method. Thisisthe labor consumption
of the procedures for constructing the support and the
output pseudosignal. Therefore, the labor consumption
of the preparation to the first iteration, aswell as of the
identification of the optimal support, is equal to two.
The labor consumption of the integration along an
interval of length his 1/N.

Let M(k) be the number of the extremum points at
the beginning of the kth iteration. Then, the preparation
of the additional information (5.1) has the labor con-
sumption M(k) + 2/N. Denote by M (k) the number of
extremum pointsinvolved in the kth iteration, by L.,(k)
the distance traveled by the mth point of extremum at
the kth iteration, and by krthe number of iterations

until the construction of the e-extremal state. Then, the
labor consumption of al iterations of the method is

M(k)

E = K+2+ S 2Lm(k)a.

Zlr
DED

k*
2
The employment of parallel computationsallowsoneto
raise the efficiency of the method, because in this case

the labor consumption of the preparation of the addi-
tional information (5.1) is /N and

ks M(K)

0 0
o+ Y 2L, (k0.
kzll:| mzl O

The number E can hardly be analytically expressed in
terms of the problem parameters. The efficiency of the
method is illustrated by the results of the numerical
solution of the example considered in Section 7. The
experimental estimation of the efficiency of the method

1/N and E =

Zlr
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as well as the comparison with other methods are
beyond the scope of this paper.

6. CONSTRUCTION OF A POSITIONAL
SOLUTION

Let us start with the definition of a positional solu-
tion to the problem of optimal observation (1.5).
Embed problem (1.5) into the family of problems

p'X — max,
E.<y(t) +d'(t)x<s&*, tOT(1) = [0, 1],
d, < x<d*,

which depends on theinstant T [ T,, and on the function
Ye() = (Y(1), t O T(1)) fromthe family Y(1) = {y(-): y(t) =
c'(tF(, t@x + &(t), x O X, EDS Et) e+, tOT(T))} of
possible signals of the measuring device. A pair
(T, y;(+)) iscalled a position of the observation process.
It contains all the information about the behavior of
system (1.1) that is available at the instant T.

Call the functionals

X* (T! yr())v d('[, y‘l’())1 yT() 0 Y(T)I 0 Th! (61)

apositional solution to the problem of optimal observa-
tion (1.5) if

a(t,y:(1) = pPx*(T,y:()) = max px

xOX(T, %))

where X (1, Y:(+)) isthe posterior distribution of theini-
tial state corresponding to the position (T, y,(+)).

In nontrivial cases, functionals (6.1) cannot be con-
structed in a closed (explicit) form. Therefore, follow-
ing [16], we describe a method for the realization of a
positional solution in each particular observation pro-
cess. It is based on analyzing the employment of the
positional solution in the observation process.

Suppose that functionals (6.1) are constructed and
system (1.1) isobserved on theinterval T(t). Denote by
Xg theredized initia state of system (1.1) in the con-
sidered process, which is unknown to the observer; by

y¥ () the signal of the measuring device; and by
X*(T) = X*(T, Y () and * (1, Y7 () theextremal state

and the estimate for the current position (T, Yy (v)).
Functionals (6.1) are thus seen to be used in aparticular
observation process incompletely, only their values
along the realized output signals of the measuring
device are needed. Call the functions x*(t), &* (1), T O
T, the redlizations of the positional solution to the
problem of optimal observation. If, for any T O T,, the

functions x*(1) and &* (1) are constructed within atime
of h or less, then we say that the positional solution is
realized in the real-time mode.
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We refer to adevice that in each particular observa-
tion process can calculate x*(1), a* (1), T O T,, in the
real-time mode as the optimal estimator.

Let us describe the operation algorithm of an opti-
mal estimator. Before starting the observation process,

the extremal possible state x* and the estimate a* are
calculated by the prior distribution X,; i.e., the linear
programming problem

p'x— max, x0UO X, (6.2)

is solved. Let K,, be the optimal support of problem
(6.2).

Assume that the optimal estimator has been con-
structed and operated at the instants t t+ h, ..., T
having calculated the extremal possible states x*(t),
x*(to+ h), ..., x*(1); the estimates a* (t), &* (t+ h),

a* (1) on the basis of the realized signals y*(tp,
y*(tg+ h), ..., y*(1). At theinstant T + h, the estimator
getsthe signal y*(t + h) and hasto quickly calculate the
values x*(T + hy and a* (1 + h). By assumption, when

calculating the values x*(1) and a* (1) at the instant T,
the estimator has aready solved the problem

sy*(t) +d'(t)x<&*,
tOT(1) = {ty,t, +h, ..., T};
and it possesses the following information: (1) the opti-

mal support K3 ap (0; (2) the matrix D,,(T); (3) the

support values of the function of potentials vg,, (1);
(4) the vector of estimates A*(1); (5) the pseudostate
K*(T); (6) the sets T (1) and Ty (1); (7) the values of the
matrix function F(t) at the instants t U Ty(t) U {tq T -
h, T}.

The problem to be solved by the optimal estimator
at the instant T + h differs from problem (6.3) by the

P'X—max, &
(6.3)
d, < x<d*,

Fig. 1. Two-mass oscillatory system.
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presence of an additional constraint at theinstant T + h
and has the form

p'X —max, &, <y*(t)+d({t)x<&*,

Ex<y*(T+th)+d(T+h)x<&*; d, <x<d*.

To solve problem (6.4), let us take the optimal support
Ksup(T) Of problem (6.3) as the initial support. 4 Then,

V(T +h) = vSup (1); A(T + h) = A*(T); K(T + h) = K*(1).
To calculate the value of the output pseudosignal at the
instant T + h, let us integrate the equation F = A(t)F
along the interva [T, T + h] with the known initial con-
dition F(1). Then, {(t + h)y = y(T + h) — c'(T + h)F(T +
h)F-'(tpOK(T + h).

If the inequalities {< {(t + h) < &* hold, then

K&p (1) isthe optimal support of problem (6.4). Infor-
mation (1)—(7) written for the instant T has to be rewrit-
ten for the instant T + h. Otherwise, construct the opti-
mal support Kg,, (T + h) by the dual method presented
in Section 5. In both cases, having the values F(T - h),
F(1), and F(T + h), we calculate the values of the output
pseudosignal {*(t — h), {*(1), and {*(T + h) companion
for the optimal support Kg,, (t + h). By thesevalues, we

find out whether theinstant T isan extremum of the out-
put pseudosignal and includeit in the set Ty(T + h).

The extremal possible state and the estimate at the
instant T + h are equal to x*(t + h) = K*(T + h) and
a* (1 + h) = px*(t + h).

The actual practice of employing the dua method
(and the results of the experiment carried out) demon-
strates that the estimator that realizes the above-
described algorithm by means of modern microproces-
sors can solve problems of optima observation of
dynamical systems of sufficiently high order.

tOT(0);
(6.4

7. EXAMPLE

Consider an example of observing an oscillatory
two-mass system (Fig. 1) on theinterval T=[0, 5]. The
mathematical model of the system has the form

X1 = X3, Xp = Xgqy Xg = —Xg + X,
X, = 0.1x;—1.02%,

Let the prior distribution of the initial state X, be
defined by the relations®

X; = 0,

(7.1)

Xo = 0, |xg <1, |X4<1,

and the measuring device measure the position of the
first massx,(t) with abounded error |&(t)| < 0.25,tO T,
i.e.,, the measuring device provides the signal y(t) =

Yft= t then take Kz, astheinitia support.

5
At the starting mstant the rest masses may be exposed to blows
of abounded force.

Vol. 41  No.2 2002



OPTIMAL OBSERVATION OF NONSTATIONARY DYNAMICAL SYSTEMS
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Fig. 2. Prior and posterior distributions.

X, (t) + &(t) at thediscreteinstantst O T, = {0, h, 2h, ...,
5-h,5}, h=0.005.

Assume that the true (but unknown) initial state of
the system is.®

X1(0) =0, Xx,(0)=0, x3(0)=0, x,(0)=0.5,

and the realized (but unknown) error function of the
measuring device has the form

[0.25sint,

: to[o, 4;
&) = H.25sin2t,

t0[4,5).

InFig. 2, the prior set X, and the boundary points of
the posterior set X (3) constructed by the observation

results on the interval [0, 3] and of the set X(5) con-
structed by the observation results on the interval [0, 5]
are presented. These points are obtained as a result of
calculating the extremal states in the directions p = (0,
0, cos, sing), = kry18, k= 0.36, by the dual method.

L et us present the results of the posterior solution by
the dual method for two opposite directions. For the
vector p= (0, 0, 0, 1), the optimal support K, = { Ty,
Jp! has the components T, = {3.48; 4.265}, J,, =
{3, 4}, theestimateisequal to a* =0.63328, the extre-
mal initial state has the form x* = (0; 0; 0.20774;
0.63328), and the corresponding output signal is shown
in Fig. 3. The efficiency of the iterations for an empty
initial supportisE=2.241.

6Only the second mass was exposed to a blow of nonmaximal
force.
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Fig. 3. Solution to the problem of optimal observation for
p=(0,0,0,1).
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Fig. 4. Solution to the problem of optimal observation for
p=(0,0,0,-1).
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Fig. 5. Behavior of the estimate for the posterior distribu-
tion for the positional solution.

Forp=(0, 0, 0, - 1), we have T, = {1.575; 4.0},
Jup = {3, 4}, 6% =-0.49794, x* = (0; 0; 0.00102;
0.49794) (Fig. 4), and E = 2.294.
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E(T)
0.016 -
0.012}
0.008 -
0.004 -
0 0.4 0.8 1.2 1.6 2.0
T

Fig. 6. Efficiency of the algorithm for constructing a positional solution.

Now, pass to the construction of the positional solu-
tion. System (7.1) isobserved ontheinterval T = [0, 2];
p=(0,0,0, 1), &1t)=0.25sin2t, t [0, 2[. InFig. 5, the
function a* (1), T O T, is shown. The information
about the labor consumption of the procedure for cor-
rection of the supports by the dual method for h = 0.004
is presented in Fig. 6.
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