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INTRODUCTION

From the early 1960s, when R. Kalman [1] intro-
duced the notions of controllability and observability of
dynamical systems, observation problems have been
treated as dual to control problems. According to this
viewpoint, along with linear problems of optimal con-
trol [2] well known at that time, linear problems of opti-
mal observations must be considered. It is clear that
such formal reasoning cannot serve as a serious basis
for posing and investigating problems of optimal obser-
vation. The true basis is the role of problems of optimal
observation in the optimization of control systems
under conditions of uncertainty, where the available
information about the current states of the systems opti-
mized is incomplete and inaccurate. In the case of sto-
chastic uncertainty, analogs of the theory of optimal
observation are filter theory, the theory of probabilistic
estimation, and the theory of prediction [3]. The main
problems in these theories may be considered as dual to
problems of stochastic optimal control. Nonstochastic
(multiple) uncertainties in the theory of guaranteed
optimal control [4] began being exploited only after the
modern theory of optimal control of deterministic sys-
tems was formed. Therefore, the dual analogs of prob-
lems of optimal control did not appear immediately.
The first propositions can be found in [5]. Much atten-
tion is given to observation problems in [6–8]. In papers
[9, 10], problems of optimal observation began to be
treated as deterministic analogs of filtering problems
[3]. In this approach, linear problems of optimal obser-
vation reduced to semiinfinite problems of linear pro-
gramming. Algorithms for the posterior and positional
solution of problems of optimal observation are
described in [11]. However, those algorithms do not
completely account for the dynamical specificity of the
problems under consideration. The purpose of this
paper is to realize the approach of [9] with maximal
regard for the nature of the problems of optimal obser-

vation of dynamical systems and for the conditions of
the process of actual solution.

Linear problems of optimal observation, as well as
the dual linear problems of optimal control, are not so
simple as to expect to obtain their solution in an analyt-
ical form. In both cases, the involvement of discrete
computational devices cannot be evaded. In this con-
nection, in [12] discrete controls were employed for
designing algorithms for the program and positional
optimization of dynamical control systems. For the
same reason, in this paper discrete signals of measuring
devices, which are determined at discrete time instants
with a small quantification period, are used. Such an
approach corresponds to a number of practical situa-
tions and allows one to avoid some analytical problems
associated with signals defined on the continuous time
axis. The employment of discrete time does not obviate
computational difficulties; for small quantification
periods, they become quite significant. These difficul-
ties cannot be overcome with the help of only the stan-
dard methods of linear programming [13, 14]. In this
paper, dynamical implementations of the adaptive
method of linear programming [14] are suggested that
construct both the posterior and positional solutions to
problems of optimal observation at a high rate.
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(1.1) is unknown, yet known to belong to a bounded set

(the inequalities are treated coordinate-wise).
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system (1.1), and call its elements (
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) possible
states. The set 
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 characterizes the initial uncertainty of
system (1.1). It will be seen from what follows that the
prior distribution can be written in the form 
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. This does not influence
the efficiency of the methods presented below.

In order to decrease the initial uncertainty of system
(1.1), we observe its behavior recording the signals of
the measuring device

 

(1.2)

 

The measuring device (1.2) and its signal 
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 will be
called discrete with a quantification period 
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, providing additional information about the
unknown realized initial state 
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0

 

 of system (1.1) in the
form of the numbers
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we assume it to be sufficiently regular; i.e., it is
obtained by the values of a piecewise continuous func-
tion 
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, which satisfies the constraints

and has few discontinuity points and bounded deriva-
tives on the continuity intervals.
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 The observation prob-
lem consists in processing information (1.3) in order to
decrease the prior uncertainty.

 

Definition.
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 is called the poste-
rior distribution of the initial state 
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 of system (1.1)
corresponding to the measurement signal 
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),
t ∈  Th) if it consists of those and only those vectors x ∈
X0 that can generate the recorded signals (1.3) together
with some possible measurement errors ξ(t), t ∈  Th.

Under various other names, the set  was employed

in [5–7]. The choice of denomination for the set  is
connected with the interpretation of the observation
theory as a deterministic analog of stochastic filter the-
ory, in the framework of which prior and posterior
probabilistic distributions are widely employed.

1  In the case where the signal of the measuring device contains
both the regular component of the error function ξ(t), t ∈  Th, and
the (noise) irregular (chaotically and rapidly varying) one, the
signal is preliminarily filtered, which gives a signal that corre-
sponds to the regular component of the error function.

X0 x Rn: d* x d*≤ ≤∈{ }=

y c' t( )x ξ .+=

y t*( ) y t* h+( ) … y t*( )., , ,

ξ* ξ t( ) ξ*, t Th,∈≤ ≤

X̂ X̂

X̂

X̂

Bearing in mind the duality between the problems of

control and observation, we can treat the set  as an
analog of the reachability set X* in the linear problem
of optimal control

(1.4)

if we define the set X* in the following way:

Here, x(t*; x0, u(·)) is the state of control system (1.4)
at the instant t* corresponding to the initial state x(t∗ ) =
x0 and control u(·) = (u(t), t ∈  T).

The reachability set characterizes the possibilities of
control system (1.4); the posterior distribution reflects
the possibilities of observation system (1.1), (1.2).

In general (where the number of measurements

(t* – t∗ )/N is large), the set  has a very complex struc-
ture; it can hardly be constructively described and
employed for solving problems of guaranteed optimal
control [11]. The situation with the reachability set X*
is quite similar. Fortunately, when solving problems of
guaranteed optimal control, one employs only linear

estimates for the set  of the form

(1.5)

where p is a given n-vector, ||p || = 1. Geometrically, the
estimate  is equal to the maximal projection of the set

 along p.

We call elements x of the set  (posteriorly) possi-
ble (initial) states of system (1.1). A possible state x* is
called extremal (p-extremal or extremal for the direc-
tion p) if

A possible state xε is ε-extremal for a given ε ≥ 0 if

The posterior solution of the problem of optimal
observation we refer to as the construction of an extre-
mal state and the corresponding estimate. The posi-
tional solution is defined in Section 6.

Extremal problem (1.5) is called the linear problem
of optimal observation.2 The purpose of the construc-
tions below is the efficient solution of this problem.

2 The problem of optimal observation investigated in [6] differs
from the presented one both in essence and in methods of solu-
tion.

X̂
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p'x* p'x.
x X̂∈
max=

p'x* p'xε– ε.≤
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Knowing the posterior distribution  of the state x0
of system (1.1), one can find the posterior distribution

(τ) of the current state x(τ)

Here, F(t, t∗ ) = F(t)F–1(t∗ ), F(t), t ∈  T, is the funda-

mental n × n-matrix of solutions to equation (1.1):  =
A(t)F, F(0) = E, E is the identity diagonal n × n-matrix.

To give an analytical formulation of problem (1.5),

let us first analytically describe the set . For the initial
state x ∈  X0 and the error function ξ(t), t ∈  Th, the signal
of measuring device (1.2) has the form

Thus, for a measured signal y(t), t ∈  Th, the set 
consists of those and only those points x ∈  Rn that sat-
isfy the relations

Introduce the notation ξ∗ (t) = ξ∗  – y(t), ξ*(t) = ξ* – y(t),
d'(t) = –c'(t)F(t, t∗ ), t ∈  Th. Then, the problem of optimal
observation (1.5) takes the form

(1.6)

The interval problem of linear programming (1.6)
has the size (N + 1) × n; i.e., for small quantification
periods h, it is semilarge in the sense that it has a large
number of main constraints for a fixed number n of
variables. In this respect, it is dual to the semilarge
problem of optimal control (1.4) in the class of discrete
controls (u(t) = U(t∗  + kh); t ∈  [t∗  + kh, t∗  + (k + 1)h),

k = ), where the number of variables for a fixed
number of main constraints grows with decreasing
quantification period.

The standard methods of linear programming
[13, 14] are not efficient for solving semilarge linear
problems. Therefore, we direct our further efforts
toward generalizing the adaptive method of linear pro-
gramming [14] in order to efficiently solve semilarge
problem (1.6). The main tool of the adaptive method is
the support. In this connection, we start the construc-
tion by introducing its dynamical analog.

X̂

X̂

X̂ τ( ) = F τ t*,( ) X̂  = x Rn: x = F τ t*,( )x0, x0 X̂∈∈{ } .

Ḟ

X̂

y t( ) c' t( )x t( ) ξ t( )+=

=  c' t( )F t t*,( )x ξ t( ), t Th.∈+

X̂

ξ* y t( ) c' t( )F t t*,( )x– ξ*,≤ ≤

t Th; x X0.∈ ∈

p'x max,

ξ* t( ) d' t( )x ξ* t( ), t Th,∈≤ ≤

d* x d*.≤ ≤

1 N 1–,

2. THE SUPPORT OF THE PROBLEM
OF OPTIMAL OBSERVATION

In the sets Th and J, let us choose arbitrary subsets
Tsup ⊂  Th and Jsup ⊂  J having the same number of ele-
ments: |Tsup | = |Jsup |. Compose the following matrix:

Call the pair Ksup = {Tsup, Jsup} a support of problem
(1.6) if detDsup ≠ 0. In the case of empty sets Tsup = ∅ ,
Jsup = ∅ , the pair Ksup is an (empty) support by defini-
tion.

Let us present two “dynamical” ways of construct-
ing the support matrix Dsup.

The direct method. For each j ∈  Jsup, integrate
direct system (1.1) with the initial condition x(t∗ ) = ej

(ej is the jth unit vector) and, on the trajectory x ( j )(t),
t ∈  T, calculate the values of the output signal z( j )(t) =
–c'(t)x ( j )(t) at the support instants t ∈  Tsup. Then,

The dual method. Let ψ(l)(t∗ ) be the costate of the
dual system

(2.1)

with the initial condition ψ(t l) = –c(t l), tl ∈  Tsup, at the
instant t∗ . Then,

In the method presented below, along with the sup-
port, we use the companion elements: (1) the function
of potentials ν(t), t ∈  Th; (2) the vector of estimates ∆ =
∆(J) = (∆j, j ∈  J); (3) the pseudostate κ = κ(J) = (κj ,
j ∈  J); and (4) the output pseudosignal ζ(t), t ∈  Th.

The construction of the function of potentials starts
with defining its values at nonsupport instants t ∈  Tn =
Th\ Tsup: ν(t) = 0, t ∈  Tn. The support values νsup =
ν(Tsup) = (ν(t), t ∈  Tsup) can be found from the equation

(2.2)

where psup = p(Jsup) = (pj , j ∈  Jsup). In the case of an
empty support Ksup = ∅ , we assume ν(t) = 0, t ∈  Th.

The vector of estimates is calculated by the formula

(2.3)

Dsup
d j t( ), j Jsup∈( )
t T sup∈ 

 
 

.=

Dsup
z j( ) t( ), j Jsup∈
t T sup∈ 

 
 
 

.=

ψ̇ A' t( )ψ–=

Dsup
ψ j

l( ) t*( ), j Jsup∈
tl T sup∈ 

 
 
 

.=

νsup' Dsup psup' ,=

∆' p' νsup' D sup( ),–=
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where D(sup) is the matrix composed of the rows d(t), t ∈
Tsup. Here, ∆sup = (∆j, j ∈  Jsup) = 0. The matrix D(sup) is
constructed similarly to the matrix Dsup by the direct or
dual method. If Ksup = ∅ , then ∆ = p.

To construct the pseudostates κ and the output pseu-
dosignal ζ(t), t ∈  Th, first specify the nonsupport com-
ponents of the pseudostate κn = κ(Jn):

(2.4)

and the support values of the output pseudosignal ζsup =
ζ(Tsup)

(2.5)

The support components of the pseudostate κsup =
κ(Jsup) = (κj , j ∈  Jsup) can be found from the system of
equations

(2.6)

Let us also present a dynamical method for deter-
mining the components of the vector κsup. Let κ0(t), t ∈
T, be the trajectory of system (1.1) with the initial con-
dition x(t∗ ) = x0, where x0 = x0(J) = (x0j = 0, j ∈  Jsup; x0j =

κj, j ∈  Jn); and ζ0(t) = c'(t)κ0(t), t ∈  Th, be the output sig-
nal of the observation device. Then, the system of equa-
tions (2.6) takes the form

Let the function κ(t), t ∈  Th, which is the solution to
system (1.1) with the initial condition x(t∗ ) = κ, be

referred to as the companion pseudotrajectory for a
support Ksup. Then, the output pseudosignal is ζ(t) =
y(t) – c'(t)κ(t) = y(t) + d'(t)κ, t ∈  Th.

Let a support Ksup be called regular if its companion
function of potentials and the vector of estimates satisfy
the relations ν(t) ≠ 0, t ∈  Tsup; ∆j ≠ 0, j ∈  Jn. Let a pair
{x, Ksup} composed of a posteriorly possible state x and
a support Ksup be referred to as a support state. A sup-

port state is called directly nonsingular if d∗ j < xj < ,

j ∈  Jsup; ξ∗  < z(t) < ξ*, t ∈  Tn where z(t) = y(t) – c'(t)x(t) =

y(t) + d'(t)x, t ∈  Th, is the output signal. It is called
dually nonsingular if the support Ksup is regular.

κ j d* j, if ∆ j 0; κ j d= j
*, if ∆ j 0;><=

κ j d* j d j*,[ ]∈ , if ∆ j 0; j Jn;∈=

ζ t( ) ξ*, if ν t( ) 0;<=

ζ t( ) ξ*, if ν t( ) 0;>=

ζ t( ) ξ* ξ*,[ ] , if ν t( )∈ 0; t T sup.∈=

d j t( )κ j

j Jsup∈
∑  = ζ t( ) y t( )– d j t( )κ j, t T sup.∈

j Jn∈
∑–

Dsupκ sup ζ t( ) y t( )– ζ0 t( ), t T sup∈+( ).=

d j*

The number

is called the suboptimality estimate for the support state
{x, Ksup}.

3. CRITERIA OF OPTIMALITY
AND SUBOPTIMALITY

Let us use the support, first of all, to formulate the
main results of the qualitative theory of optimal obser-
vation. These results follow from [14].

The maximum principle. For the extremality of a
posteriorly possible state x*, it is necessary and suffi-
cient that there exists a support Ksup such that the sup-
port state {x*, Ksup} and its companion elements satisfy

(1) the maximum condition with respect to the state
∆'x* = ;

(2) the maximum condition with respect to the out-
put signal z*(t) = y(t) – c'(t)x*(t), t ∈  Th,

The support Ksup, the existence of which is men-
tioned in the maximum principle, is called optimal.

The maximum principle implies as a corollary the
following criterion for the optimality of a support,
which is employed in the dual method for solving the
problem of optimal observation:

For the optimality of a support Ksup, it is necessary
and sufficient that a certain companion pseudostate κ
and a certain output pseudosignal ζ(t), t ∈  Th, satisfy
the relations

(3.1)

The e -maximum principle. Given any ε ≥ 0, for
the ε-extremality of a posteriorly possible state xε, it is
necessary and sufficient that there exists a support Ksup
such that its companion elements satisfy

(1) the ε-maximum condition with respect to the
state

(2) the ε-maximum condition with respect to the
output signal

β x Ksup,( ) p'κ p'x–=

=  ν t( ) ζ t( ) z t( )–( )
t Tsup∈
∑ ∆ j κ j x j–( )

j Jn∈
∑+

∆'x
d* x d*≤ ≤

max

ν t( )z* t( ) ν t( )z, t
ξ* z ξ*≤ ≤

max T sup.∈=

d* j κ j d j*, j Jsup; ξ* ζ t( ) ξ*,≤≤∈≤ ≤

t Tn.∈

∆ j x j
ε ∆ j x j εxj, j–

d
* j x j d j*≤ ≤
max Jn;∈=

ν t( )zε t( ) ν t( )z εz t( ), t T sup.∈–
ξ* z ξ*≤ ≤

max=
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(3) the ε-accuracy condition

4. THE DIRECT METHOD

The direct method for constructing a posterior solu-
tion to problem (1.5) is iterative. At each iteration, the
old support state {x, Ksup} is replaced with a new one

{x, } such that the suboptimality estimate

decreases: β( , ) ≤ β(x, Ksup). We realize the itera-
tion step of the direct method in the form of two proce-
dures: (1) a change of the possible state x  ; (2) a

change of the support Ksup  . The task of the
first phase, which can be accomplished [14] with the
help of the method presented below in this section, is
the construction of the initial support state.

To simplify the calculations, we assume below that,
at the iterations of the direct method, only directly and
dually nonsingular support states are used {x, Ksup} and
that, at the iterations of the dual method, only regular
supports are employed; the realized error function is
continuous.

We refer to an instant t ∈  Th\{t∗ , t*} as a minimum
point of the output signal z(t), t ∈  Th if z(t) < z(t – h) and
z(t) < z(t + h), or a maximum point if z(t) > z(t – h) and

z(t) > z(t + h). Denote by  the set of minimum points

of the output signal, by  the set of maximum points,

T0 =  ∪  .

The sets  and  are constructed before the first
iteration simultaneously with the integration of the
direct system (1.1) and the construction of the output
signal z(t), t ∈  Th.

Suppose that at the beginning of the first iteration
the following information is known (stored in the com-
puter memory): (1) the possible state x, (2) the support
Ksup, (3) the matrix D(sup), (4) the support values of the
function of potentials νsup, (5) the nonsupport compo-
nents of the vector of estimates ∆n, (6) the pseudostate

κ, (7) the sets  and , (8) the values of the matrix
function F(t) at the instants3 t ∈  Tsup ∪  T0 ∪  {t∗ , t*},
and (9) the suboptimality estimate β(x, Ksup).

One can easily restore the extremal values of the
output signal and pseudosignal by data (7) and (8):
z(t)    = y(t) – c'(t)F(t)F–1(t∗ )x, ζ(t) = y(t) –

c'(t)F(t)F−1(t∗ )κ, t ∈  T0 .

3  If the function ξ(t), t ∈  T, has a discontinuity at a point of the
closed interval [t, t + h], then the values of the fundamental
matrix at the points t and t + h are also stored.

εz t( ) εxj

j Jn∈
∑ ε.≤+

t Tsup∈
∑

Ksup

x Ksup

x

Ksup

T0
–

T0
+

T0
– T0

+

T0
– T0

+

T0
+ T0

–

Before starting the iteration, we make sure that on
the support state (for a chosen ε > 0) the ε-maximum
principle does not hold and that inequalities (3.1) are
violated.

Change of the possible state. Construct a new pos-
sible state  by the rule  = x + θ0l, where l = κ – x and
θ0 is the maximal step along l such that the inequalities
d∗ j ≤ xj ≤ , j ∈  Jsup; and ξ∗  ≤ z(t) ≤ ξ*, t ∈  Tn, are not
violated.

To find the direct step θ0, we determine

(4.1)

by the rules

(4.2)

(4.3)

Here, (t) = (t)F(t)F–1(t∗ ) – c'(t)A(t)F(t)F–1(t∗ ).

The number θj is the step along l such that the jth
direct constraint becomes active; θ(t) is the step such
that the output signal z(t) + θlz(t), t ∈  Th, attains the
boundary ξ∗  of ξ* at an extremum point t ∈  T0 or at the
ends of the interval Th; the numbers τ(t), t ∈  T0, indicate
a possible direction of motion of the maximum and
minimum points; θ0(t) ≥ 0 is the step along lz(t), t ∈  Th,
such that the extremum point of the output signal
moves from the point t into t + τ(t)h. Steps θ0(t) < 0 are
not taken into account.

We calculate the direct step θ0 by stages. Let the (i –
1)th stage along l be accomplished and, before the ith

x x

d j*

θ j, j Jsup; θ t( )∈ τ t( ) θ0 t( ), t, , T0 t* t*,{ } ;∪∈

θ j

d
* j x j–( )/l j, if l j 0<

d j* x j–( )/l j, if l j 0>
+∞, if l j 0; j Jsup;∈=






=

θ t( )

ξ* z t( )–( )/lz t( ), if lz t( ) 0<

ξ*( z t( )/lz t( ), if lz t( )– 0>
+∞, if lz t( ) 0;=






=

lz t( ) ζ t( ) z t( ), t– T0 t* t*,{ } ;∪∈=

τ t( ) 1, if t– T0
– and ḋ ' t( )l∈ 0;>=

or  t T0
+ and ḋ ' t( )l 0;<∈

τ t( ) 1, if t T0
+ and ḋ ' t( )l∈ 0;>=

or  t T0
– and ḋ ' t( )l 0;<∈

τ t*( ) 1, τ t*( ) 1;–= =

θ0 t( ) z t τ t( )h+( ) z t( )–
lz t τ t( )h+( ) lz t( )–
---------------------------------------------–=

=  
c' t τ t( )h+( )F t τ t( )h+( ) c' t( )F t( )–( )F 1– t*( )x

c' t τ t( )h+( )F t τ t( )h+( ) c' t( )F t( )–( )F 1– t*( )l
------------------------------------------------------------------------------------------------------------.–

ḋ ' c'̇–
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stage, the sets  and  and the steps θi(t) and (t),

t ∈   =  ∪  , be known.

To simplify the calculations, we assume that all the

numbers θi(t), (t), t ∈  , t ∈   ∪  {t∗ , t*}, are dif-
ferent, perhaps with the exception of the numbers

(t), (t + h), t, t + h ∈  , where τ(t – h) = 1, τ(t +
h) = –1.

Calculate the step

(4.4)

In the case where θi =  or θi = θi( ), we set θ0 =

θi and t0 = , fix the sets  and  for the new itera-

tion:  = ,  = , and pass to the procedure of

changing the support. For θi = (t i), we transform the
information stored in the memory in the following way.

(1) Let θi = (t i), t i ∈  , be the unique number on
which the minimum in (4.4) is attained. Then, instead

of the instant t i, store the instant t i + τ(t i)h in :

 = ( \ t i) ∪  {t i + τ(t i)h} and, instead of the
matrix F(t i), store F(t i + τ(t i)h) after integrating the

direct equation  = A(t)F on the interval [t i, t i + h] or
[t i – h, t i]. Calculate the new steps θi + 1(t i + τ(t i)h),

(t i + τ(t i)h) by formulas (4.2) and (4.3).

(2) If t i = t∗  or t i = t*, then we put the instant t i +

τ(t i)h into the set :  =  ∪  {t i + τ(t i)h}. Cal-
culate and store F(t i + τ(t i)h); set τ(t i + τ(t i)h) = τ(t i).
Treat the situation as the appearance of a new extre-
mum point at the end of the interval Th. Calculate the

steps θi + 1(t i + τ(t i)h) (t i + τ(t i)h). Comparing the
values z(t i) and z(t i + τ(t i)h), find out whether t i + τ(t i)h
is the minimum or maximum point of the output signal
z(t) + θlz(t), t i + τ(t i)h is the minimum point if z(t i) <
z(t i + τ(t i)h), or the maximum point if z(t i) > z(t i +
τ(t i)h).

(3) For θi = (t i) = (t i + h), τ(t i) = 1, τ(t i + h) =
–1, t i, t i + h ∈  T0 , remove the points t i and t i + h from

the set :  = \{t i, t i + h}, since, for the step θ >
θi, the points t i and t i + h are no longer the extremum

T0
i– T0

+i θ0
i

T0
i T0

i– T0
+i

θ0
i T0

i T0
i

θ0
i θ0

i T0
i

θi min 1 θ j0
θ t0

i( ) θ0 ti( ), , ,{ } ;=

θ j0
θ j; θi t0

i( )
j Jsup∈
min min θi t( ),= =

t T0
i t* t*,{ } ;∪∈

θ0
i ti( ) min θ0

i t( ); t T0
i t* t*,{ } .∪∈=

θ j0
t0

i

t0
i T0

–
T0

+

T0
–

T0
–i T0

+
T0

+i

θ0
i

θ0
i T0

i

T0
i

T0
i 1+ T0

i

Ḟ

θ0
i 1+

T0
i T0

i 1+ T0
i

θ0
i 1+

θ0
i θ0

i

T0
i T0

i 1+ T0
i

points of the output signal. Remove the values F(t i) and
F(t i + h) of the fundamental matrix from the computer
memory.

(4) If θi = (t i) = (t i + h), τ(t i) = 1, τ(t i + h) =
−1, and t i = t∗ , then treat the situation as the disappear-
ance of an extremum point through the left end of the

interval Th. Remove the point t i + h from the set :

 = \ t i + h; remove the value F(t i + h) of the fun-
damental matrix from the computer memory.

(5) For θi = (ti) = (ti + h), τ(ti) = 1, (ti + h) =
–1, t i + h = t*, the extremum point disappears through
the right end of the interval Th. The new set of extremal

points has the form  = \ t i. Delete the value F(t i)
from the memory.

The suboptimality estimate for the support state { ,
Ksup} is β( , Ksup) = (1 – θ0)β(x, Ksup). For β( ,

) ≤ ε, the process of solution of problem (1.6) is
terminated, because  is an ε-extremal state. Other-
wise, pass to the procedure of changing the support.

Change of the support. The rules of the support
change depend on two possible (after the first proce-
dure) situations: (1) θ0 = ; (2) θ0 = θ(t0). Let us inves-
tigate these situations individually.

(1) Let θ0 = . Following [14], construct the vari-
ations of the function of potentials ∆ν(t), t ∈  Th, and the
vector of estimates ∆δ. For this purpose, first, specify
the values of the variation of the function of potentials
at the nonsupport instants: ∆ν(t) = 0, t ∈  Tn, and the
variations of the support components of the vector of
estimates ∆δsup = ∆δ(Jsup):  = 1 if  > ;  =

–1 if  < , and ∆δj = 0, j ∈  Jsup\ j0 . Find the values

∆νsup = ∆ν(Tsup) = (∆ν(t), t ∈  Tsup) from the equation

The function ∆ν(t), t ∈  Th, generates the variation of the
vector of estimates

(2) For θ0 = θ(t0), construct the variation of the func-
tion of potentials ∆ν(t), t ∈  Th, by the following rules:
∆ν(t0) = 1 if ζ(t0) > ξ*, ∆ν(t0) = –1 if ζ(t0) < ξ∗ , and
∆ν(t) = 0, t ∈  Tn\ t0; find the values ∆νsup from the equa-
tion

where dsup(t0) = (dj(t0), j ∈  Jsup).

θ0
i θ0

i

T0
i

T0
i 1+ T0

i

θ0
i θ0

i θ0
i

T0
i 1+ T0

i

x
x x

Ksup

x

θ j0

θ j0

∆δj0
κ j0

d j0
* ∆δj0

κ j0
d

* j0

∆νsup' Dsup ∆δsup' .–=

∆δ' ∆νsup' D sup( )– – ∆ν t( )d ' t( ).
t Tsup∈
∑= =

∆νsup' Dsup dsup' t0( )∆ν t0( ),–=
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Find the variation of the vector of estimates by the
formula

It is known [14] that the initial rate of change of the
quality criterion of the problem dual to (1.6) along
∆ν(t), t ∈  Th; ∆δ, is

where ρ(c, [a, b]) is the distance between the number c
and the closed interval [a, b].

Calculate n numbers

The number σj represents the step along ∆δ such that
the jth component of the disturbed vector of estimates
δ(σ) = ∆ + σ∆δ vanishes. Similarly, making a step σ(t)
along ∆ν(t), t ∈  Th, we obtain the zero value of the dis-
turbed function of potentials ν(σ, t) = ν(t) + σ∆ν(t), t ∈
Th at the instant t ∈  Tsup.

To simplify the calculations, we assume that all the
numbers σj , j ∈  Jn, and σ(t), t ∈  Tsup, are different and
nonzero. Enumerate them in the ascending order:

Let the rate of decrease of the dual quality criterion
on the interval [σk – 1, σk[, k ≥ 1, (σ0 = 0) be αk < 0. At
the point σk, this rate has a discontinuity

and, at the interval [σk, σk + 1[ it is equal to αk + 1 = αk +

∆αk. The number σ* =  such that  < 0,  ≥
0 is called a long dual step.

We shall distinguish two cases: (a) σ* =  and

(b) σ* = σ( ).

The new support  = { , } is constructed

by the following rules: (1a)  = Tsup,  = (Jsup\ j0) ∪
; (1b)  = Tsup\ ,  = Jsup\ j0; (2a)  =

Tsup ∪  t0,  = Jsup ∪  ; (2b)  = (Tsup\ ) ∪  t0,

 = Jsup.

∆δ' ∆ν– sup' D sup( ) ∆ν t0( )d ' t0( ).–=

α1 = 
ρ κ j0

, d
* j0

d j0
*,[ ]( ), if θ0 = – θ j0

ρ ζ t0( ), ξ* ξ*,[ ]( ), if θ0–  = θ t0( )






   α1 0,<

σ j

∆ j/∆δj, if ∆ j∆δj 0<–

∞, if ∆ j∆δj 0; j Jn;∈≥



=

σ t( )
ν t( )/∆ν t( ), if ν t( )∆ν t( ) < 0–

∞, if ν t( )∆ν t( ) ≥ 0; t T sup.∈



=

0 σ1 σ2 … σn.< < < <

∆α k d
j
k* d

* j
k–( ) ∆δ

j
k , if σk σ

j
k=

ξ* ξ*–( ) ∆ν tk( ) , if σk σ tk( ),=



=

σ k* α k* σ k* 1+

σ
j k

*

t k*

Ksup T sup Jsup

T sup Jsup

j k* T sup t k* Jsup T sup

Jsup j k* T sup t k*

Jsup

The suboptimality estimate for the new support state
{ , } is

If β( , ) ≤ ε, then the process of solution x of prob-
lem (1.6) is terminated. Otherwise, transform data (3)–(6).

In case (1a), we retain the matrix D(sup) unchanged:

 = D(sup); in case (1b), we obtain  by delet-

ing the row corresponding to the instant  ∈  Tsup from

D(sup). To construct the support matrix , distinguish

in  the columns with the indices j ∈  . In case (2),

to obtain , we add the row d(t0) to the matrix
D(sup); in case (2b), we additionally delete the row

d( ).

The support values of the function of potentials 
and the vector of estimates are recalculated by formulas
(2.2) and (2.3).

Construct the nonsupport components of the pseu-
dostate  = ( ) and the values of the output pseu-

dosignal (t) at the support instants t ∈   by rules
(2.4) and (2.5). Solving system (2.6), we find  =

( ).

Theorem 1. The method is finite if only directly and
dually nonsingular support states are used at its itera-
tions.

One can construct a modification of the adaptive
method [14], which is finite for any problem (1.6).

5. THE DUAL METHOD

The method is intended to construct the posterior
solution to the problem of optimal observation (1.5)
and is iterative. At its iteration, the old support is
replaced with a new one Ksup   such that the
nonoptimality measure of the support µ(Ksup) [14] is
decreased. The dual method for solving problem (1.6)
is obtained on the basis of the support change procedure
in the direct method presented in Section 4. In the pro-
cedure mentioned the elements j0 and t0 are constructed
in a new way:

x Ksup

β x Ksup,( ) 1 θ0–( )β x Ksup,( ) α k σk σk 1––( ).
k 1=

k*

∑+=

x Ksup

D sup( ) D sup( )

t k*

Dsup

D sup( ) Jsup

D sup( )

t k*

νsup

κn κ Jn

ζ T sup

κ sup

κ T sup

Ksup

ρ j0
ρ j, ρ t0( )

j Jsup∈
max ρ t( );

j Tn∈
max= =

ρ0 max ρ j0
ρ t0( ),{ } , ρ j ρ κ j, d

* j d j*,[ ]( ),==

j J ; ρ t( )∈ ρ ζ t( ), ξ* ξ*,[ ]( ), t Th.∈=
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The maximum of the function ρ(t), t ∈  Th, can be
attained only at the points of extremum of the output
pseudosignal ζ(t), t ∈  Th. Therefore, to find the instant

t0 , it suffices to know the sets  and  of points of
the minimum and maximum of the output pseudosignal
ζ(t), t ∈  Th, respectively, as well as the values of the
fundamental matrix F(t) at these points. Then, the
extremal values of the output pseudosignal are ζ(t) =

y(t) – c'(t)F(t)F–1(t∗ )κ, t ∈  T0 =  ∪  .

Thus, at the beginning of each iteration, the follow-
ing information is stored in the computer memory:
(1) the support Ksup; (2) the matrix D(sup); (3) the support
values of the function of potentials νsup; (4) the nonsup-
port components of the vector of estimates ∆n; (5) the

pseudostate κ; (6) the sets  and ; and (7) the val-
ues of the matrix function F(t) at the instants t ∈  Tsup ∪
T0 ∪  {t∗ , t*}.

Information (1)–(5) for the next iteration is obtained
in the same way as in the direct method (the support
change procedure). Let us describe the rules of transfor-

mation of the sets  and .

The new pseudostate  generates a new output

pseudosignal (t), t ∈  Th, which can be constructed by
integrating the direct system (1.1) with the initial con-
dition x(t∗ ) =  along the whole interval T. However,
the purpose of this paper is to construct an algorithm
that involves minimal integrations of the direct and the
dual systems. This purpose can be achieved by employ-
ing at each iteration the values of the output signal not
at all the instants t ∈  Th, but only at the instants t ∈  T0 ∪
{t∗ , t*} when the function ρ(t), t ∈  Th, attains its max-
imal values.

The values of the output pseudosignal correspond-
ing to the old and new supports are calculated by the
formulas

Therefore, the output signal is changed in the direction
∆ζ(t) = –c'(t)F(t, t∗ )(  – κ).

Along with elements (1)–(8) stored in the memory,
we make use of the additional information

(5.1)

Calculate numbers (5.1) by the rules

T0
– T0

+

T0
– T0

+

T0
+ T0

–

T0
– T0

+

κ
ζ

κ

ζ t( ) y t( ) c' t( )F t t*,( )κ ;–=

ζ t( ) y t( ) c' t( )F t t*,( )κ .–=

κ

s t( ) ϑ t( ) t, , T0 t* t*,{ } .∪∈

s t( ) 1, if t– T0
– and ḋ ' t( ) κ κ–( ) 0>∈=

or  t T0
+ and ḋ ' t( ) κ κ–( ) 0;<∈

s t( ) 1, if t T0
+ and ḋ ' t( ) κ κ–( ) 0>∈=

(5.2)

The numbers s(t), t ∈  T0 , indicate the possible direction
of motion of the points of maximum and minimum;
ϑ(t) ≥ 0 is the step for which the extremum point of the
output pseudosignal moves from the point t into t + s(t)h
along ∆ζ(t), t ∈  Th. Steps ϑ(t) < 0 are not taken into
account.

Information (6) about the extremum points of the
output pseudosignal and about the values of the matrix
function F(t), t ∈  T, at these points will be transformed
by stages. Let the (i – 1)th stage along ∆ζ(t), t ∈  Th be
accomplished and the information before the ith stage

have the form , , ϑ i(t), t ∈   =  ∪  .

Suppose that all the numbers ϑ i(t), t ∈  , are dif-
ferent with the exception of, perhaps, the numbers

ϑ i(t), ϑ i(t + h), t, t + h ∈   ∪  {t∗ , t*}, where s(t – h) =
1, s(t + h) = –1.

Calculate the step

(5.3)

In the case ϑ i ≤ 1, transform the information stored in
the memory in the following way.

(1) If ti ∈   is a unique number on which the min-

imum in (5.3) is attained, then  = ( \ ti) ∪  {t i +
s(t i)h}; store F(t i + s(t i)h) instead of F(t i); calculate the
step ϑ(t + s(t)h) by formula (5.2).

(2) For t i = t∗  or t i = t*, set  =  ∪  {ti + s(ti)h}.

Calculate and store F(ti + s(ti)h); set s(t i + s(t i)h) = s(t i).
Calculate the step ϑ(t + s(t)h) according to (5.2). The
instant t i + s(t i)h is the minimum point of the output
pseudosignal if ζ(t i) < ζ(t i + s(t i)h), or the maximum
point when ζ(t i) > ζ(t i + s(t i)h).

(3) If ϑ i = ϑ i(t) = ϑ i(t + h), s(t) = 1, s(t + h) = –1, t,

t + h ∈  T0 , then  = ( \{t, t + h}; delete the values
F(t), F(t + h) of the fundamental matrix from the com-
puter memory.

(4) In the case ϑ i = ϑ i(t i) = ϑ i(t i + h), s(t i) = 1, s(t i +

h) = –1, t i = t∗ , delete the point t i = h from the set :

 = \ t i  + h; delete the value F(t i + h) of the fun-
damental matrix from the computer memory.

or  t T0
– and ḋ ' t( ) κ κ–( ) 0;<∈

s t*( ) 1, s t*( ) 1;–= =

ϑ t( ) ζ t s t( )h+( ) ζ t( )–
∆ζ t s t( )h+( ) ∆ζ t( )–
----------------------------------------------------–=

=  
c' t s t( )h+( )F t s t( )h+( ) c' t( )F t( )–( )F 1– t*( )κ

c' t s t( )h+( )F t s t( )h+( ) c' t( )F t( )–( )F 1– t*( ) κ κ–( )
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(5) For ϑ i = (t i) = (t i + h), s(t i) = 1, s(t i + h) =

–1, t i + h = t*, set  = \ t i. Delete the value F(t i)
from the memory.

Theorem 2. The method is finite if only regular sup-
ports are used at its iterations.

There exists a modification of the dual method [14]
that is finite for any problem (1.6).

On the efficiency of the method. As an efficiency
characteristic of the method for solving the problem of
optimal observation (1.5), take the number of complete
(along the whole interval T) integrations of the direct or
dual systems necessary for constructing the extremal
(ε-extremal) state [15]. If, in the process of solution,
several direct or dual systems are independently inte-
grated, then parallel processors may be used for the cal-
culation and such an integration may be considered as
a single one. Take one integration as a unit of labor con-
sumption for the method. This is the labor consumption
of the procedures for constructing the support and the
output pseudosignal. Therefore, the labor consumption
of the preparation to the first iteration, as well as of the
identification of the optimal support, is equal to two.
The labor consumption of the integration along an
interval of length h is 1/N.

Let M(k) be the number of the extremum points at
the beginning of the kth iteration. Then, the preparation
of the additional information (5.1) has the labor con-
sumption M(k) + 2/N. Denote by (k) the number of
extremum points involved in the kth iteration, by Lm(k)
the distance traveled by the mth point of extremum at
the kth iteration, and by k∗  the number of iterations

until the construction of the ε-extremal state. Then, the
labor consumption of all iterations of the method is

The employment of parallel computations allows one to
raise the efficiency of the method, because in this case
the labor consumption of the preparation of the addi-
tional information (5.1) is 1/N and

The number E can hardly be analytically expressed in
terms of the problem parameters. The efficiency of the
method is illustrated by the results of the numerical
solution of the example considered in Section 7. The
experimental estimation of the efficiency of the method

ϑ 0
i ϑ 0

i

T0
i 1+ T0

i

M

E
1
N
---- M k( ) 2 2Lm k( )

m 1=

M k( )

∑+ +
 
 
 

.
k 1=

k*

∑=

1/N and E
1
N
---- 1 2Lm k( )

m 1=

M k( )

∑+
 
 
 

.
k 1=

k*

∑=

as well as the comparison with other methods are
beyond the scope of this paper.

6. CONSTRUCTION OF A POSITIONAL 
SOLUTION

Let us start with the definition of a positional solu-
tion to the problem of optimal observation (1.5).
Embed problem (1.5) into the family of problems

which depends on the instant τ ∈  Th and on the function
yτ(·) = (y(t), t ∈  T(τ)) from the family Y(τ) = {y(·): y(t) =
c'(t)F(t, t∗ )x + ξ(t), x ∈  X0, ξ∗  ≤ ξ(t) ξ*, t ∈  T(τ)} of
possible signals of the measuring device. A pair
(τ, yτ(·)) is called a position of the observation process.
It contains all the information about the behavior of
system (1.1) that is available at the instant τ.

Call the functionals

(6.1)

a positional solution to the problem of optimal observa-
tion (1.5) if

where (τ, yτ(·)) is the posterior distribution of the ini-
tial state corresponding to the position (τ, yτ(·)).

In nontrivial cases, functionals (6.1) cannot be con-
structed in a closed (explicit) form. Therefore, follow-
ing [16], we describe a method for the realization of a
positional solution in each particular observation pro-
cess. It is based on analyzing the employment of the
positional solution in the observation process.

Suppose that functionals (6.1) are constructed and
system (1.1) is observed on the interval T(τ). Denote by

 the realized initial state of system (1.1) in the con-
sidered process, which is unknown to the observer; by

(·) the signal of the measuring device; and by

x*(τ) = x*(τ, (·)) and (τ, (·)) the extremal state

and the estimate for the current position (τ, (·)).
Functionals (6.1) are thus seen to be used in a particular
observation process incompletely, only their values
along the realized output signals of the measuring
device are needed. Call the functions x*(τ), (τ), τ ∈
Th, the realizations of the positional solution to the
problem of optimal observation. If, for any τ ∈  Th, the
functions x*(τ) and (τ) are constructed within a time
of h or less, then we say that the positional solution is
realized in the real-time mode.

p'x max,

ξ* y t( ) d ' t( )x+ ξ*, t T τ( )∈≤ ≤ 0 τ,[ ] ,=

d* x d*,≤ ≤

x* τ yτ ·( ),( ) α̂ τ yτ ·( ),( ) yτ ·( ), , Y τ( )∈ τ, Th,∈

α̂ τ yτ ·( ),( ) p'x* τ yτ ·( ),( ) p'x,
x X̂ τ yτ ·( ),( )∈

max= =

X̂

x0*

yτ*

yτ* α̂* yτ*

yτ*

α̂*

α̂*
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We refer to a device that in each particular observa-
tion process can calculate x*(τ), (τ), τ ∈  Th, in the
real-time mode as the optimal estimator.

Let us describe the operation algorithm of an opti-
mal estimator. Before starting the observation process,
the extremal possible state x* and the estimate  are
calculated by the prior distribution X0; i.e., the linear
programming problem

(6.2)

is solved. Let  be the optimal support of problem
(6.2).

Assume that the optimal estimator has been con-
structed and operated at the instants t∗ , t∗  + h, …, τ,
having calculated the extremal possible states x*(t∗ ),

x*(t∗  + h), …, x*(τ); the estimates (t∗ ), (t∗  + h),

…, (τ) on the basis of the realized signals y*(t∗ ),
y*(t∗  + h), …, y*(τ). At the instant τ + h, the estimator
gets the signal y*(τ + h) and has to quickly calculate the
values x*(τ + h) and (τ + h). By assumption, when
calculating the values x*(τ) and (τ) at the instant τ,
the estimator has already solved the problem

(6.3)

and it possesses the following information: (1) the opti-
mal support (τ); (2) the matrix D(sup)(τ); (3) the

support values of the function of potentials (τ);
(4) the vector of estimates ∆*(τ); (5) the pseudostate

κ*(τ); (6) the sets (τ) and (τ); (7) the values of the
matrix function F(t) at the instants t ∈  T0(τ) ∪  {t∗ , τ –
h, τ}.

The problem to be solved by the optimal estimator
at the instant τ + h differs from problem (6.3) by the

α̂*

α̂*

p'x max, x X0∈

Ksup*

α̂* α̂*

α̂*

α̂*
α̂*

p'x max, ξ* y* t( ) d' t( )x+ ξ*,≤ ≤

t T τ( )∈ t* t* h+ … τ, , ,{ } ; d* x d*,≤ ≤=

Ksup*

νsup*

T0
+ T0

–

presence of an additional constraint at the instant τ + h
and has the form

(6.4)

To solve problem (6.4), let us take the optimal support
Ksup(τ) of problem (6.3) as the initial support.4 Then,

νsup(τ + h) = (τ); ∆(τ + h) = ∆*(τ); κ(τ + h) = κ*(τ).
To calculate the value of the output pseudosignal at the

instant τ + h, let us integrate the equation  = A(t)F
along the interval [τ, τ + h] with the known initial con-
dition F(τ). Then, ζ(τ + h) = y(τ + h) – c'(τ + h)F(τ +
h)F–1(t∗ )κ(τ + h).

If the inequalities ξ∗  ≤ ζ(τ + h) ≤ ξ* hold, then

(τ) is the optimal support of problem (6.4). Infor-
mation (1)–(7) written for the instant τ has to be rewrit-
ten for the instant τ + h. Otherwise, construct the opti-
mal support (τ + h) by the dual method presented
in Section 5. In both cases, having the values F(τ – h),
F(τ), and F(τ + h), we calculate the values of the output
pseudosignal ζ*(τ – h), ζ*(τ), and ζ*(τ + h) companion
for the optimal support (τ + h). By these values, we
find out whether the instant τ is an extremum of the out-
put pseudosignal and include it in the set T0(τ + h).

The extremal possible state and the estimate at the
instant τ + h are equal to x*(τ + h) = κ*(τ + h) and

(τ + h) = p'x*(τ + h).
The actual practice of employing the dual method

(and the results of the experiment carried out) demon-
strates that the estimator that realizes the above-
described algorithm by means of modern microproces-
sors can solve problems of optimal observation of
dynamical systems of sufficiently high order.

7. EXAMPLE

Consider an example of observing an oscillatory
two-mass system (Fig. 1) on the interval T = [0, 5]. The
mathematical model of the system has the form

(7.1)

Let the prior distribution of the initial state X0 be
defined by the relations5

and the measuring device measure the position of the
first mass x1(t) with a bounded error |ξ(t)| ≤ 0.25, t ∈  Th;
i.e., the measuring device provides the signal y(t) =

4 If τ = t∗ , then take  as the initial support.
5 At the starting instant, the rest masses may be exposed to blows

of a bounded force.

p'x max, ξ* y* t( ) d' t( )x+ ξ*, t T τ( );∈≤ ≤

ξ* y* τ h+( ) d' τ h+( )x+ ξ*≤ ≤ ; d* x d*.≤ ≤

Ksup*

νsup*

Ḟ

Ksup*

Ksup*

Ksup*

α̂*

ẋ1 x3, ẋ2 x4, ẋ3 –x1 x2,+= = =

ẋ4 0.1x1 1.02x2.–=

x1 0, x2 0, x3 1, x4 1,≤ ≤= =

c2

u2

u3 x2

c1

M

m

u1 x1

Fig. 1. Two-mass oscillatory system.
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x1(t) + ξ(t) at the discrete instants t ∈  Th = {0, h, 2h, …,
5 – h, 5}, h = 0.005.

Assume that the true (but unknown) initial state of
the system is.6

and the realized (but unknown) error function of the
measuring device has the form

In Fig. 2, the prior set X0 and the boundary points of

the posterior set (3) constructed by the observation

results on the interval [0, 3] and of the set (5) con-
structed by the observation results on the interval [0, 5]
are presented. These points are obtained as a result of
calculating the extremal states in the directions p = (0,

0, cosφ, sinφ), φ = kπ/18, k = , by the dual method.

Let us present the results of the posterior solution by
the dual method for two opposite directions. For the
vector p = (0, 0, 0, 1), the optimal support Ksup = {Tsup,
Jsup} has the components Tsup = {3.48; 4.265}, Jsup =
{3, 4}, the estimate is equal to  = 0.63328, the extre-
mal initial state has the form x* = (0; 0; 0.20774;
0.63328), and the corresponding output signal is shown
in Fig. 3. The efficiency of the iterations for an empty
initial support is E = 2.241.

6 Only the second mass was exposed to a blow of nonmaximal
force.

x1 0( ) = 0, x2 0( ) = 0, x3 0( ) = 0, x4 0( ) = 0.5,

ξ t( )
0.25 t, tsin [0, 4[;∈
0.25 2t, tsin 4 5,[ ] .∈




=

X̂

X̂

0.36

α̂*

For p = (0, 0, 0, – 1), we have Tsup = {1.575; 4.0},

Jsup = {3, 4},  = –0.49794, x* = (0; 0; 0.00102;
0.49794) (Fig. 4), and E = 2.294.
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Fig. 2. Prior and posterior distributions.
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Fig. 3. Solution to the problem of optimal observation for
p = (0, 0, 0, 1).
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Fig. 4. Solution to the problem of optimal observation for
p = (0, 0, 0, – 1).
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Fig. 5. Behavior of the estimate for the posterior distribu-
tion for the positional solution.
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Now, pass to the construction of the positional solu-
tion. System (7.1) is observed on the interval T = [0, 2];
p = (0, 0, 0, 1), ξ(t) = 0.25sin2t, t ∈  [0, 2[. In Fig. 5, the
function (τ), τ ∈  Th, is shown. The information
about the labor consumption of the procedure for cor-
rection of the supports by the dual method for h = 0.004
is presented in Fig. 6.
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