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1. We consider the system

X = A(Dx+b(Du, x(ty) = xo (1)

which is controlled by the first-order actuator

u(ty) = ug )

on an interval T = [z, t*]. Here, x = x(¢) is the n-dimen-

u=au+v,

sional vector state of the system, u = u(¢) is the control
action, v = v(¢) is the control signal, A(f) € R"*" and
b(t) € R" (t € T) are piecewise continuous functions, a
is a scalar, and x, and u are initial states.

The output and input signals of actuator (2) are sub-
ject to the constraints

lu <L, |v(®)|<M, teT (laL<M).

For system (1) controlled by actuator (2) via piece-
wise continuous control signals, we consider the termi-
nal optimal control problem

c'x(t*) > max, X = A(t)x+b(t)u,
x(ty) = xy, u=au+v, u(ty) = ug,
lu(l <L, |v(<M, teT, Hx(t*) =g

(ge R",He R"*" rankH = m <n).

3)

We introduce the concept of a closed-loop solution
to problem (3). Assume that the state of system (1) in

the control process is measured at times T € T, =

* _
(L Ly + gy .oy 15 — By ) (wherehoz ! Nt* and N, is
0
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a positive integer). Problem (3) is embedded in the
family of problems

c'x(t*) > max, X = A(t)x+b(t)u,
x(t) =2z, u=au+v, u(T) =y,
Hx(t*) = g, |u@)| <L, [v()<M,

re T(1) = [, 1],

)

which depend on the position (T; z, y). Let v2(¢|t, z, y),
t € T(t), be the optimal open-loop control signal in
problem (4) for the position (T; z, y), and let G, be the
set of all pairs (z, y) for which problem (4) has a solu-
tion.

The function

v(T,2,y) = (V'(t|T, 2, y), 1€ [T, T+ hol),

(Z, )’) € Gra Te Tho

is called an optimal feedback control signal, and its
construction is called the synthesis of an optimal feed-
back (the synthesis of an optimal system).

One method for implementing an optimal feedback
can be described as follows. The method is based on an
analysis of using the optimal feedback in the control
process. Assume that an optimal feedback v°(z, x, u),

(x,y) € G, te T, has been constructed. Consider the

corresponding closed-loop physical prototype of sys-
tem (1):

X =AMx+b(Hu+w, x(ty) = xp
_ 0 )
u=au+v (t,x,u), u(ty) = u,
where w = w(t, x, u), (x, u) € G,, t € T1is a disturbance,
i.e., the set of terms corresponding to the unknown dis-
turbances and inaccuracies in simulation. Assume that,
in every process x = x(f), u = u(t), t € T, the disturbance
is a piecewise continuous n-dimensional vector func-
tion w(t) = w(t, x(¢), u(t)), t € T.
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The trajectory of system (5) is the solution to the lin-
ear system

X=AMx+b(u+w, x(t,) = x,

u = au+v0(t), u(ty) = u

under the control signal v2(¢) = vO(t|t, x(7), u(T)), 1 €
[T, T+ hl,T€e Tho .

Consider a control process. Suppose that an
unknown piecewise continuous disturbance w*(¢),te T
is realized in this control process. That disturbance gen-
erates a trajectory x*(f), t € T and a control action u*(¢),
t € Tin system (5) that satisfy the identities

X*5(1) = A x*(0) + bOu*(1) + wH(1),  x*(t4) = xo,

(1) = aw* (1) + v (6, X5 (0), u¥(0),  u*(ty) = uy.
It can be seen that the optimal feedback is not used
completely [for all (x, u) € G, t € T, 1 in the control

process, but only its values v*(f) = vO(¢|t, x*(1), u*(1)),
te [T, T+ hl,T€e Th0 along continuous curves x*(f),

u*(t), t € T are used in the control. The function v*(¢),
t € T is called an optimal feedback realization in the
control process. If the values of v*(¢), t € [T, T + hy| at

every current instant of time T € T, are calculated in a

time not exceeding A, then we say that the optimal
feedback realization is constructed in real time. A
device capable of doing this operation is called an opti-
mal controller. Thus, the synthesis of an optimal feed-
back control signal is reduced to the design of an oper-
ation algorithm for an optimal controller.

The operation algorithm for an optimal controller
consists of two procedures. Prior to the beginning of the
control process, the initial procedure constructs an
open-loop solution to problem (3), which is used to
control the actual system on [ty, . + hy[. The general

procedure receives realizations of the optimal feedback
Vi), te [T, T+ hol, 1€ T) \ts.

2. Along with (3), we consider the maximum excita-
tion problem

c'(v)x(t*) > max, X = A(t)x+b(t)u,

x(ty) = X9, U =au+v, u(ty) = u, ©
lu(s)| <L, se 8, = {tu+h, .. 1%},
v(t)| <M, teT,

in which ¢(v) = ¢ — H'v, v € R" is a Lagrange vector,

hzt*;t*,andN>O.
N

Let v2(r) and v°(r|[v) (t € T) be the optimal open-
loop control signals in problems (3) and (6), respec-
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tively. According the Lagrange multiplier method, there
exists a vector v° € R” such that v2(¢) = v2(¢[V’), te T.

The optimal vector V° is constructed in two stages.
First, the formula

V(P+l) — V(p)+9p(Hx(l‘*|V(p))—g) (7)

is used to iteratively improve the optimal vector of
potentials vV [2] in terminal problem (3) directly con-
trolled by the bounded control |u(r)| < L, t € T. Here, 8,
is the step chosen according to any gradient method and
x(r*|v) is the optimal terminal state in problem (6) at
v = V. Then, the required accuracy in the optimality
conditions and the terminal constraint is achieved by
applying a refinement procedure, which solves the
refinement equations by Newton’s method.

3. To implement the first stage, we construct an effi-
cient algorithm for computing an open-loop solution to
problem (6), which is an optimal control problem with
a state constraint.

Problem (6) is solved in the class of discrete-time
control signals with a quantization period &: v(f) = v(T),
te [t, T+ h[, T e T,. In this case, it is equivalent to the
linear programming problem (LP)

2 c(t)v (1) = max;
te T,
S @®)
L.(s)< z d(s—1)v(t) < L*(s),
_ i‘v<r>| <M,

se S, teT,.

t+h

Here, c(t) = J. Y, ., (NdY for t € T, and vy, , ()
t
(t € T) is found from the dual system

\ij' = _W'A(t)v lifn+l = _aWn+l_\|I‘b(t)’
y(e*) = c(v), Y, () =0,

h
d(t) = j@(r—ﬁ)dﬂ, te T,
0
L.(s) = —-L-®(s)ug, L*(s) = L—-D(s)u,,

se S,

®d(1), t 20, is the fundamental matrix of solutions to (2):

& =a®, d0) = 1.
For small &, problem (8) is a large-scale LP problem
with a special matrix of basic constraints. The general
LP methods fail to solve this problem, since they ignore
its specific features. Problem (8) is solved by the adap-
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SYNTHESIS OF OPTIMAL SYSTEMS OF INDIRECT CONTROL

tive LP method [1], with the specific features of the
problem taken into account as far as possible.

The basic tool used in the method [1] is the support.
The empty support is defined as the pair K, = {S,, =
@D, Tap = @}. A nonempty support Ky, = {Sg,, © S,

l

up

T,

sup

c T,,} has the form S, = L_*)SI,S,: {s;, s, +nh, ...,

I=1

1
*
sl}; Tsup = U(TIU Tl)’ Tl = S[\sl’ s TIS St l= 1, 2,
=1
ceey l* (SO: t*, Speyp1 = t*)

The support K, is associated with the following

up
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where 7,(s) < is the moment in T, nearest to s on the
left and r*(s) = s is the moment nearest to s on the right;
(i1) the cocontrol

1*

Ay(t) =0, 1€ Ty A1) =c(t), t2s5;
A1) = c(t) —c(t)D(T,—1), s '<t<s,,
1=1,2,..., 1%

(iii) the pseudosignal w(?) (t € T) and the pseudoac-
tion {(s), s € T. The nonsupport values of the pseu-
dosignal and the support values of the pseudoaction are

o(t) = MsgnA, (1) if A,(t) #0;

objects:
(i) the function of potentials v,(s), s € S): o(t) e [-M,M] if A(t)=0, teT,=T\Ty;
Vi$) =0, s € S,= 8\ L(s) = Lsgnv,(s) if v,(s)#0;
VAS)=CU*&D—CUWSD¢U*G)—%CﬂX &) € [-L, L] if vi(s)=0 if s€ S
d(s =1:(s) The support values of the pseudosignal and the
5 € Squps pseudoaction are calculated by the formulas
Cs)—@(s;—s' DL H= D dls;— Do)
o(T) = s1’1£t<s,,t¢r, i S() = u,
( l) d(sl_,cl) C( ) 0
o) = UED_CWEWD oy

d(h)

§s) = d(s—s" L H+ Y dls—no(n), s <s<s,

-1
N

I=1,2,..

The following statement follows from the results
of [1].

€-Maximum principle. For any € >0, an admissible
control signal v(¢) (+ € T) and an admissible control
action u(t) (t € T) are optimal if and only if there exists
a support K, such that the following relations are ful-
filled for some of its associated elements v, (s), s € S;;
A(D), te Ty:

(i) the e-maximum condition with respect to the
control action

v,(s)u(s) = maxv,(s)u—¢,(s), seS

sup»
lul <L

(ii) the e-maximum condition with respect to the
control signal

A vV(1) = maxA(1)v—g,(1), 1€ T,
lvl<M

(iii) the e-accuracy condition

DOKLADY MATHEMATICS  Vol. 69 No.2 2004

<t<s

AR E

Z e, (s)+ Z e, (1) <e.

SE Sqp teT,

A support K, satisfying the &-maximum principle
for € = 0 is called optimal. The e-maximum principle
implies that a support Ky, is optimal if and only if there
exist associated elements such that |{(s)| < L for s € S,
and |o(t)| <M for t € T,,. Moreover, VW@ =w() fort e
T and u°(s) = {(s) for s € S.

The method used for solving problem (6) is an iter-
ative process of changing supports, which begins with
K, = @ and ends with an optimal support Kgup. First
the “outliers” |{(sy)| > L of the pseudoaction and then
the violations of the direct constraints |®(T))| > M are
eliminated at the iterations of the method.

The following information is stored before the
beginning of a current iteration step: (1) the number [*
of support segments; (2) the endpoints s, and s’ of the
segments S;; (3) the instants of time T, [ =1, 2, ..., [*;
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(4) the values v(s) and v(s),[=1,2, ...,

*(6) 5=, 1=1,2,.
of nonsupport zeros of the cocontrol Tlno ={te [s
sEO T At — A (0) <0}, I=1,2, ..., % + 1; (8) the
numbers Y = sgnA(s' 1) if s'~! # 7, and ¥/ = sgnA(s'~ ' +
hyif s-'=1,1=1, 2, I* + 1; (9) O(s; — 1),
W, (D), 1€ Ty =Ty Uls= 1,8}, 1=1,2, ..., 1%+
I; and (10) the numbers py= > d (s~ o),

-1
s OSI<s,I#ET,

% (5) o(t), [ =
. I, C(1%); (7) the sets
-1

.......

1-1,2,...,I*
The iteration step at which the outlier (s,) is elimi-
nated consists of the following operations:

(1) Calculate Av(s) (s € S,) and Ad(¢) (t € T),) for

lo—1
subcases (I) T, <so< s, and (I) s* ~ <s5< 7T,

(D Av(s,) = sgnl(sy), AV(s;) =—AV(so)P(so—5,,),

Av(s) =0, se€ S\Mso 5,1
AS(Z) = AV(So)d(SO_t), SOSt<slo,
Ad(t) = 0, t<s,, 125,

D Av(so) = sgnl(so),

Av(s' :

-1 Iy~
) = —AV(s)D(so—s ),
Av(s) =0, se S\{s, slo_]};

AS(1) = AV(so)d(so—1), s° ' <t<s,,

Iy—1

Ad(t) =0, t<s’ , t=s,
(2) Calculate the steps o,(s) = Vh(( )) for s € Sy
such that v,(s)Av(s) <0, and c5(¢) = X 6(( )) orte T,

such that A,(1)Ad(t) < 0. The steps are arranged in

increasing order: 0 < ¢! < ... < ¢ A long dual step
o* =c is found [1]: o** <0, oX* *1 > 0, where o is the
rate of change in the performance criterion of the prob-
lem dual to (6) on the interval [6*~!, o*[ (6° = 0): a! =
—-p{l(sp), [-L, LD, of = of~! + Aok, and Aok =
2MIAS(1)| if o = o5(t,); Aok = 2L|AV(s,)| if 0% = G, (s)).

The main feature of problem (6) is manifested here:
the values of Av(s) (s € S)) on the set s € S, are zero

everywhere except for no more than two points. Thus,
no more than two numbers are calculated while we

1 plc, [a, b]) is the distance from the point ¢ to [a, b].

GABASOV et al.

determine G,(s), s € Sg,,- Thus, the labor-consuming
handling (for small /) of the state constraints is elimi-
nated.

A fast procedure for calculating 65(f) was described
in [2]. It is based on the fact that G,, G,, ..., 6" belong
to the neighborhood of the nonsupport zeros of the
cocontrol, in which case we do not need to calculate all
o5(1), t € T,. The value of to 6* is rapidly calculated by
using (7) and (9). The feature of calculating 6,(s) (s €
Sqp) Makes this method for solving problem (6) equiv-
alent (in computational work) to the method of [2] for
a problem without state constraints.

(3) A new support I_(sup = {Ssup, Tsup} 1S con-
structed, depending on the following situations:
(a) ot = (55(‘5*), (b) o* = Gv(s*); (a) Ssup = Ssup U 8o,
Tap = TopU Tss (0) Ssup = (Saup\ss) U 800 Tswp = T

The support sets Sy, and Ty, are constructed taking

into account their structure. Information (1)—(10) is
updated for the following iteration step.

While the outlier w(t)) is eliminated, we construct

AS(T) = sgnax(t); A8(r) = AS(T)®D(t,— 1),

l

1—h<t<s,,
AS(t) =0, t<s '—h, 125,
) AS
AV(s) =0, se S\sns '3 Av(s) = -0
d(s,—1)’
) AS
av(s ™y = 20T
dis -1

The value o' =—p(w(T), [-M, M]) is taken into account
at stage (2). A new support is constructed at stage (3)

according to the following rules: (a) S‘gup = Smp, _qup =
(Top U TsNT; and (b) Saup = Sup\Sses Tsup = T\l

sup

4. The refinement procedure can be described as fol-
lows. The defining elements of the control signal v°(z)
(te T) in problem (3) are the Lagrange vector v and the
switching points

t{, cen tll, S1, sl, t?, e tzz, 89y vevs sl_l,
1 l l* 1*+1 *+1
t, t,,s,, P (TR A
Then the control signal takes the form
i 1 [
(D'YM, re 1, 1;,]
0
vi(t)=1i=0,1,..,1n, [=12.,05+1
Y*laL, tels,s', [ =1,2,.., 1%
DOKLADY MATHEMATICS Vol. 69 No.2 2004



SYNTHESIS OF OPTIMAL SYSTEMS OF INDIRECT CONTROL

where Y/ = sgnA(s'~ 1+ 0),1=1,2, ..., *+ 1; M) =0,
te [s,s,1=1,2, ..., % and M1), t € 1s'" 1, 5[, [ =1,
2, ..., I* + 1 is the solution to the dual system

A= —ak-y'b(t), V' =-YA(1),
y(t*) = c(v), A(t*) =0,
Ms) =0, [=1,2,.., 1%

The defining elements satisfy the system of equa-
tions

Ro(y15 Y25 -oos Yirs1) = 0,

(10)
R(v,y) =0, 1 =12,...,1*+1,
where3y1 = (t}, t;, oo ti] sy =10 fll y eees tihsl)
for1=2,3, ..., % yu, = (", tll*”, e tf;*tll);

Ro(Y1> Y25 -5 Yirs1)

!
! .
I*+1 n Tisi

= Y Y DYM [ g()ad

I=1i=0 /

i

[* N
+ > ay " LIg(®)dd + G(t)xo + gt )uo— 8.

=1 S
R,(y))
5

[RZCLOGEE

s

-1

)do

jw;(ﬂ)b(ﬁ)cp(ﬁ—zﬁ)dﬂ, i=1,2,...n

In

i

YIHL—Q)(s,—sl*l)ylL

!
i+l

+ i(—l Yy'M j O (s, — O)dd
i=0 !

1

1

[ =1,2,..,1*+1;

G = —GA(1),
g = _ag_Gb(t)v

G(t*) = H,
g(t*) = 0.

2 The function M), t € T, is continuous on the defining elements
Vo(l), teT.

3 The equation R(y;) = 0 does not contain the first equation, and
the equation Ry« , (¥ 4 1) = 0 does not contain the last equation.
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System (10) is solved by Newton’s method, which
generates approximations (v®, y®) starting with v©®
determined by (7) and with the elements of Tf) (I=1,2,
..., I* + 1) found by solving problem (6) for v = v,

5. Assume that the operation algorithm for an opti-

mal controller has been constructed. Assume that the
controller has operated over the interval [z, T[ and pro-

duced control signals v¥(¢), t € [#4, T[ generating a con-
trol action u*(¢), t € [t,, T[, which, together with a dis-
turbance w*(¢), t € [t,, T], transferred the control system

at the current time T to the state x*(t). To determine
v*(f) for t € [T, T + hy[, the optimal controller must rap-
idly find the open-loop solution to problem (4) at (t;
x*(1), u*(1)). On the interval [T — h, T[, the optimal
controller has solved a similar problem, in which the
process started at the time T — A at the state x*(T — h)
with control action u*(T — k). Its solution (defining ele-
ments) (V(T—hy), v(T—hy), [=1,2, ..., *(T—hy) + 1
have been constructed.

Let y: (T — hy) be the first element of the vector

(T —hy. Ift< y} (T — hy), then the defining elements

obtained at the preceding instant of time are used as the
initial approximation for Newton’s method:

vP(1) = v(t-he), ¥"(1) = y(1-hy),
[ =1,2,...,1%(t—hy) + 1.

Moreover,

RO (1), y" (1) = 0,
I=1,2,...,01%(t—hy) + 1;

Ry(»"(1)) = G(1)x*(1) + g(T)u*(1)
— G(T— ho)x* (T hy) — g(T = ho)u* (T — hy)

—vE(T—hy) j 2(9)dV.

T—hy

When T > y; (T — hy), we set VI(T) = V(T — hy),
W@ =1 @=hy, ..., yi T @=h)), 3" (1) =yt~
hy), 1 =2,3, ..., I*(t — hy) + 1; y'(t) = <y"(T — hy) if
Y1 (T—hy) = 1; (T—hy); ¥'(T) is not defined if y; (T— hy) =
51(T — hg) (the control action is on the boundary of the
constraint); and Y'(t) = YA(T — ho) if y} (T — ho) = s'(T —
he). The values of Ry(y"(1)) and R,(v()(1), yV), =1, 2,
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..., I*(1), + 1 are constructed as in the previous case, ACKNOWLEDGMENTS
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