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1. We consider the system
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which is controlled by the first-order actuator
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) are piecewise continuous functions, 

 

a

 

is a scalar, and 

 

x

 

0

 

 and 

 

u

 

0

 

 are initial states.

The output and input signals of actuator (2) are sub-
ject to the constraints

For system (1) controlled by actuator (2) via piece-
wise continuous control signals, we consider the termi-
nal optimal control problem

 

(3)

 

We introduce the concept of a closed-loop solution
to problem (3). Assume that the state of system (1) in
the control process is measured at times 

 

τ ∈

 

 =

{
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∗
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 + 
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, …, 
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h

 

0

 

}
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 = 
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N

 

0

 

 is

ẋ A t( )x b t( )u, x t*( )+ x0,= =

u̇ au v , u t*( )+ u0= =

u t( ) L, v t( ) M, t T a L M≤( ).∈≤≤

c'x t*( ) max, ẋ→ A t( )x b t( )u,+=

x t*( ) x0, u̇ au v , u t*( )+ u0,= = =

u t( ) L, v t( ) M, t T , Hx t*( )∈≤≤ g=

g Rm H Rm n×∈ rankH m n<=, ,∈( ).

Th0


 t* t*–

N0
---------------

a positive integer . Problem (3) is embedded in the

family of problems

(4)

which depend on the position (τ; z, y). Let v0(t |τ, z, y),
t ∈ T(τ), be the optimal open-loop control signal in
problem (4) for the position (τ; z, y), and let Gτ be the
set of all pairs (z, y) for which problem (4) has a solu-
tion.

The function

is called an optimal feedback control signal, and its
construction is called the synthesis of an optimal feed-
back (the synthesis of an optimal system).

One method for implementing an optimal feedback
can be described as follows. The method is based on an
analysis of using the optimal feedback in the control
process. Assume that an optimal feedback v0(t, x, u),
(x, y) ∈ Gt, t ∈  has been constructed. Consider the

corresponding closed-loop physical prototype of sys-
tem (1):

(5)

where w = w(t, x, u), (x, u) ∈ Gt , t ∈ T is a disturbance,
i.e., the set of terms corresponding to the unknown dis-
turbances and inaccuracies in simulation. Assume that,
in every process x = x(t), u = u(t), t ∈ T, the disturbance
is a piecewise continuous n-dimensional vector func-
tion w(t) = w(t, x(t), u(t)), t ∈ T.




c'x t*( ) max, ẋ→ A t( )x b t( )u,+=

x τ( ) z, u̇ au v , u τ( )+ y,= = =

Hx t*( ) g, u t( ) L, v t( ) M,≤≤=

t T τ( )∈ τ t*,[ ],=

v
0 τ z y, ,( ) v

0 t τ z y, ,( ) t [τ τ h0[+,∈,( ),=

z y,( ) Gτ, τ Th0
∈∈

Th0

ẋ A t( )x b t( )u w, x t*( )+ + x0,= =

u̇ au v
0 t x u, ,( ), u t*( )+ u0,= =
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The trajectory of system (5) is the solution to the lin-
ear system

under the control signal v0(t) = v0(t |τ, x(τ), u(τ)), t ∈
[τ, τ + h0[, τ ∈ .

Consider a control process. Suppose that an
unknown piecewise continuous disturbance w*(t), t ∈ T
is realized in this control process. That disturbance gen-
erates a trajectory x*(t), t ∈ T and a control action u*(t),
t ∈ T in system (5) that satisfy the identities

It can be seen that the optimal feedback is not used
completely [for all (x, u) ∈ Gt, t ∈ ] in the control

process, but only its values v*(t) = v0(t |τ, x*(τ), u*(τ)),
t ∈ [τ, τ + h0[, τ ∈  along continuous curves x*(t),
u*(t), t ∈ T are used in the control. The function v*(t),
t ∈ T is called an optimal feedback realization in the
control process. If the values of v*(t), t ∈ [τ, τ + h0[ at
every current instant of time τ ∈  are calculated in a
time not exceeding h0 , then we say that the optimal
feedback realization is constructed in real time. A
device capable of doing this operation is called an opti-
mal controller. Thus, the synthesis of an optimal feed-
back control signal is reduced to the design of an oper-
ation algorithm for an optimal controller.

The operation algorithm for an optimal controller
consists of two procedures. Prior to the beginning of the
control process, the initial procedure constructs an
open-loop solution to problem (3), which is used to
control the actual system on [t∗, t∗ + h0[. The general
procedure receives realizations of the optimal feedback
v*(t), t ∈ [τ, τ + h0[, τ ∈ \t∗.

2. Along with (3), we consider the maximum excita-
tion problem

(6)

in which c(ν) = c – H'ν, ν ∈ Rm is a Lagrange vector,

h = , and N > 0.

Let v0(t) and v0(t |ν) (t ∈ T) be the optimal open-
loop control signals in problems (3) and (6), respec-

ẋ A t( )x b t( )u w, x t*( )+ + x0,= =

u̇ au v
0 t( ), u t*( )+ u0= =

Th0

ẋ* t( ) ≡ A t( )x* t( ) b t( )u* t( ) w* t( ), x* t*( ) = x0,+ +

u̇* t( ) ≡ au* t( ) v
0 t x* t( ) u* t( ), ,( ), u* t*( )+ u0.=

Th0

Th0

Th0

Th0

c' ν( )x t*( ) max, ẋ→ A t( )x b t( )u,+=

x t*( ) x0, u̇ au v , u t*( )+ u0,= = =

u s( ) L, s Sh∈≤ t* h … t*, ,+{ },=

v t( ) M, t T ,∈≤

t* t*–
N

---------------

tively. According the Lagrange multiplier method, there
exists a vector ν0 ∈ Rm such that v0(t) ≡ v0(t |ν0), t ∈ T.

The optimal vector ν0 is constructed in two stages.
First, the formula

(7)

is used to iteratively improve the optimal vector of
potentials ν(1) [2] in terminal problem (3) directly con-
trolled by the bounded control |u(t)| ≤ L, t ∈ T. Here, θp

is the step chosen according to any gradient method and
x(t*|ν) is the optimal terminal state in problem (6) at
ν = ν(p). Then, the required accuracy in the optimality
conditions and the terminal constraint is achieved by
applying a refinement procedure, which solves the
refinement equations by Newton’s method.

3. To implement the first stage, we construct an effi-
cient algorithm for computing an open-loop solution to
problem (6), which is an optimal control problem with
a state constraint.

Problem (6) is solved in the class of discrete-time
control signals with a quantization period h: v(t) ≡ v(τ),
t ∈ [τ, τ + h[, τ ∈ Th . In this case, it is equivalent to the
linear programming problem (LP)

(8)

Here, c(t) = (ϑ)dϑ for t ∈ Th and ψn + 1(t)

(t ∈ T) is found from the dual system

Φ(t), t ≥ 0, is the fundamental matrix of solutions to (2):

 = aΦ, Φ(0) = 1.

For small h, problem (8) is a large-scale LP problem
with a special matrix of basic constraints. The general
LP methods fail to solve this problem, since they ignore
its specific features. Problem (8) is solved by the adap-

ν p 1+( ) ν p( ) θp Hx t* ν p( )( ) g–( )+=

c t( )v t( ) max;→
t Th∈
∑

L* s( ) d s t–( )v t( )
t t

*
=

s h–

∑ L* s( ),≤ ≤

s Sh; v t( ) M, t Th.∈≤∈

ψn 1+

t

t h+

∫

ψ'˙ ψ'A t( ), ψ̇n 1+– –aψn 1+ ψ'b t( ),–= =

ψ t*( ) c ν( ), ψn 1+ t*( ) 0,= =

d t( ) Φ t ϑ–( ) ϑ, t Th;∈d

0

h

∫=

L* s( ) –L Φ s( )u0, L* s( )– L Φ s( )u0,–= =

s Sh;∈

Φ̇
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tive LP method [1], with the specific features of the
problem taken into account as far as possible.

The basic tool used in the method [1] is the support.
The empty support is defined as the pair Ksup = {Ssup =

, Tsup = }. A nonempty support Ksup = {Ssup ⊂ Sh ,

Tsup ⊂ Th} has the form Ssup = , Sl = {sl, sl + h, …,

sl}; Tsup = (Tl ∪ τl), Tl = Sl\ sl, sl – 1 ≤ τl ≤ sl, l = 1, 2,

…, l* (s0 = t∗, sl* + 1 = t*).

The support Ksup is associated with the following
objects:

(i) the function of potentials νh(s), s ∈ Sh:

νh(s) = 0, s ∈ Sn = Sh\Ssup;

s ∈ Ssup;

where t∗(s) < s is the moment in Tsup nearest to s on the
left and t*(s) ≥ s is the moment nearest to s on the right;

(ii) the cocontrol

(iii) the pseudosignal ω(t) (t ∈ T) and the pseudoac-
tion ζ(s), s ∈ T. The nonsupport values of the pseu-
dosignal and the support values of the pseudoaction are

ζ(s) = Lsgnνh(s)   if   νh(s) ≠ 0;

ξ(s) ∈ [–L, L]   if   νh(s) = 0   if   s ∈ Ssup.

The support values of the pseudosignal and the
pseudoaction are calculated by the formulas

The following statement follows from the results
of [1].

e-Maximum principle. For any ε ≥ 0, an admissible
control signal v(t) (t ∈ T) and an admissible control
action u(t) (t ∈ T) are optimal if and only if there exists
a support Ksup such that the following relations are ful-
filled for some of its associated elements νh(s), s ∈ Sh;
∆h(t), t ∈ Th:

(i) the ε-maximum condition with respect to the
control action

(ii) the ε-maximum condition with respect to the
control signal

(iii) the ε-accuracy condition

A support Ksup satisfying the ε-maximum principle
for ε = 0 is called optimal. The ε-maximum principle
implies that a support Ksup is optimal if and only if there
exist associated elements such that |ζ(s)| ≤ L for s ∈ Sn

and |ω(t)| ≤ M for t ∈ Tsup. Moreover, v0(t) = ω(t) for t ∈
T and u0(s) = ζ(s) for s ∈ S.

The method used for solving problem (6) is an iter-
ative process of changing supports, which begins with

Ksup =  and ends with an optimal support . First
the “outliers” |ζ(s0)| > L of the pseudoaction and then
the violations of the direct constraints |ω(τl)| > M are
eliminated at the iterations of the method.

The following information is stored before the
beginning of a current iteration step: (1) the number l*
of support segments; (2) the endpoints sl and sl of the
segments Sl; (3) the instants of time τl, l = 1, 2, …, l*;

Sl
l 1=

l
*∪

l 1=

l
*∪

νh s( ) c t* s( )( ) c t* s( )( )Φ t* s( ) t* s( )–( )–
d s t* s( )–( )

---------------------------------------------------------------------------------------,=

∆h t( ) 0, t T sup; ∆h t( )∈ c t( ), t sl*;≥= =

∆h t( ) c t( ) c τl( )Φ τl t–( ), sl 1– t sl,<≤–=

l 1 2 … l*;, , ,=

ω t( ) Msgn∆h t( ) if ∆h t( ) 0;≠=

ω t( ) M M,–[ ]    if   ∆ h t ( )∈   = 0, t T n ∈  =  T h \ T sup ;

ω τl( )

ζ sl( ) Φ sl sl 1––( )ζ sl 1–( )– d sl t–( )ω t( )
s

l 1–
t sl<≤ t τl≠,

∑–

d sl τl–( )
--------------------------------------------------------------------------------------------------------------------------------, ζ s0( ) u0,= =

ω t( ) ζ t h+( ) Φ h( )ζ t( )–
d h( )

------------------------------------------------, t Tl, l 1 2 … l*;, , ,=∈=

ζ s( ) Φ s sl 1––( )ζ sl 1–( ) d s t–( )ω t( ), sl 1– s sl,< <
s

l 1–
t s<≤

∑+=

l 1 2 … l* 1.+, , ,=

νh s( )u s( ) νh s( )u εu s( ), s Ssup;∈–
u L≤
max=

∆h t( )v t( ) ∆h t( )v εv t( ), t Tn;∈–
v M≤
max=

εu s( ) εv t( ) ε.≤
t Tn∈
∑+

s Ssup∈
∑

Ksup
0
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(4) the values ν(sl) and ν(sl), l = 1, 2, …, l*; (5) ω(τl), l =
1, 2, …, l*; (6) ζl = ζ(sl), l = 1, 2, …, l*, ζ(t*); (7) the sets

of nonsupport zeros of the cocontrol  = {t ∈ [sl – 1,
sl[ ∩ Th: ∆h(t – h)∆h(t) < 0}, l = 1, 2, …, l* + 1; (8) the
numbers γ l = sgn∆(sl – 1) if sl – 1 ≠ τl and γl = sgn∆(sl − 1 +
h) if sl – 1 = τl, l = 1, 2, … …, l* + 1; (9) Φ(sl – t),

ψn + 1(t), t ∈  =  ∪ {sl – 1, τl, sl}, l = 1, 2, …, l* +

1; and (10) the numbers pl = (sl – t)ω(t),

l – 1, 2, …, l*.
The iteration step at which the outlier ξ(s0) is elimi-

nated consists of the following operations:
(1) Calculate ∆ν(s) (s ∈ Sh) and ∆δ(t) (t ∈ Th) for

subcases (I)  < s0 <  and (II)  < s0 ≤ :

(I) 

(2) Calculate the steps σν(s) = –  for s ∈ Ssup

such that νh(s)∆ν(s) < 0, and σδ(t) = –  for t ∈ Tn

such that ∆h(t)∆δ(t) < 0. The steps are arranged in

increasing order: 0 < σ1 < … < . A long dual step
σ* = σk* is found [1]: αk* < 0, αk* + 1 ≥ 0, where αk is the
rate of change in the performance criterion of the prob-
lem dual to (6) on the interval [σk – 1, σk[ (σ0 = 0): α1 =
−ρ(ζ(s0), [–L, L]),1 αk = αk – 1 + ∆αk, and ∆αk =
2M|∆δ(tk)| if σk = σδ(tk); ∆αk = 2L|∆ν(sk)| if σk = σν(sk).

The main feature of problem (6) is manifested here:
the values of ∆ν(s) (s ∈ Sh) on the set s ∈ Ssup are zero
everywhere except for no more than two points. Thus,
no more than two numbers are calculated while we

1 ρ[c, [a, b]) is the distance from the point c to [a, b].

Tn0
l

T0
l Tn0

l

d

s
l 1–

t sl t τl≠,<≤

∑

τl0
sl0

s
l0 1–

τl0

∆ν s0( ) = ζ s0( ),  ∆ν sl0
( )sgn  = ∆ν s0( )Φ s0 sl0

–( ),–

∆ν s( ) 0, s Sh\ s0 sl0
,{ };∈=

∆δ t( ) ∆ν s0( )d s0 t–( ), s0 t sl0
,<≤=

∆δ t( ) 0, t s0, t sl0
;≥<=

(II) ∆ν s0( ) ζ s0( ),sgn=

∆ν s
l0 1–

( ) ∆ν s0( )Φ s0 s
l0 1–

–( ),–=

∆ν s( ) 0, s Sh\ s0 s
l0 1–

,{ };∈=

∆δ t( ) ∆ν s0( )d s0 t–( ), s
l0 1–

t s0,<≤=

∆δ t( ) 0, t s
l0 1–

, t s0.≥<=

νh s( )
∆ν s( )
--------------

∆h t( )
∆δ t( )
-------------

σk
0

determine σν(s), s ∈ Ssup. Thus, the labor-consuming
handling (for small h) of the state constraints is elimi-
nated.

A fast procedure for calculating σδ(t) was described
in [2]. It is based on the fact that σ1, σ2, …, σk* belong
to the neighborhood of the nonsupport zeros of the
cocontrol, in which case we do not need to calculate all
σδ(t), t ∈ Tn . The value of to σ* is rapidly calculated by
using (7) and (9). The feature of calculating σν(s) (s ∈
Ssup) makes this method for solving problem (6) equiv-
alent (in computational work) to the method of [2] for
a problem without state constraints.

(3) A new support  = { , } is con-
structed, depending on the following situations:
(a) σ* = σδ(τ∗), (b) σ* = σν(s∗); (a)  = Ssup ∪ s0,

 = Tsup ∪ τ∗; (b)  = (Ssup\s∗) ∪ s0,  = Tsup.

The support sets  and  are constructed taking
into account their structure. Information (1)–(10) is
updated for the following iteration step.

While the outlier ω(τl) is eliminated, we construct

The value α1 = –ρ(ω(τl), [–M, M]) is taken into account
at stage (2). A new support is constructed at stage (3)
according to the following rules: (a)  = Ssup,  =

(Tsup ∪ τ∗)\τl; and (b)  = Ssup\ s∗,  = Tsup\ tl.

4. The refinement procedure can be described as fol-
lows. The defining elements of the control signal ν0(t)
(t ∈ T) in problem (3) are the Lagrange vector ν and the
switching points

Then the control signal takes the form

(9)

Ksup Ssup T sup

Ssup

T sup Ssup T sup

Ssup T sup

∆δ τl( ) ω τl( ); ∆δ t( )sgn ∆δ τl( )Φ τl t–( ),= =

sl 1– h t sl,<≤–

∆δ t( ) 0, t sl 1– h, t sl;≥–<=

∆ν s( ) = 0, s Sh\ sl sl 1–,{ }; ∆ν sl( )∈  = 
∆δ τl( )

d sl τl–( )
---------------------,–

∆ν sl 1–( )
∆δ τl( )

d sl 1– τl–( )
---------------------------.=

Ssup T sup

Ssup T sup

t1
1 … t

n
1

1 s1 s1 t1
2 … t

n
2

2 s2 … sl 1– ,, , , , , , , , , ,

t1
l … t

n
l

l sl sl … sl* t1
l* 1+ … t

n
l* 1+

l* 1+, , , , , , , , , .

v
0 t( )

1–( )iγ lM, t [ti
l ti 1+

l, [∈

i 0 1 … nl, l, , , 1 2 … l* 1+, , ,= =

γ l 1+ aL, t [sl sl[, , l∈ 1 2 … l*,, , ,=





=
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where γ l = sgnλ(sl – 1 + 0), l = 1, 2, …, l* + 1; λ(t) = 0,
t ∈ [sl, sl], l = 1, 2, …, l*; and λ(t), t ∈ ]sl – 1, sl[, l = 1,
2, …, l* + 1 is the solution to the dual system2 

The defining elements satisfy the system of equa-
tions

(10)

where3
 y1 = ( , , …, , s1); yl = (sl – 1, , …, , sl)

for l = 2, 3, …, l*; yl* + 1 = (sl*, , …, );

2 The function λ(t), t ∈ T, is continuous on the defining elements
v0(t), t ∈ T.

3 The equation R1(y1) = 0 does not contain the first equation, and
the equation Rl* + 1(yl* + 1) = 0 does not contain the last equation.

λ̇ –aλ ψ'b t( ), ψ'˙– ψ'A t( ),–= =

ψ t*( ) c ν( ), λ t*( ) 0,= =

λ sl( ) 0, l 1 2 … l*., , ,= =

R0 y1 y2 … yl* 1+, , ,( ) 0,=

Rl ν yl,( ) 0, l 1 2 … l* 1,+, , ,= =

t1
1 t2

1 t
n

1
1 t1

l t
n

l
l

t1
l* 1+ t

n
l* 1+

l* 1+

R0 y1 y2 … yl* 1+, , ,( )

=  1–( )iγ lM g ϑ( ) ϑd

ti
l

ti 1+
l

∫
i 0=

n
l

∑
l 1=

l* 1+

∑

+ aγ l 1+ L g ϑ( ) ϑ G t*( )x0 g t*( )u0 g,–+ +d

sl

s
l

∫
l 1=

l*

∑

Rl yl( )

= 

ψc' ϑ( )b ϑ( )Φ ϑ sl 1––( ) ϑd

s
l 1–

sl

∫

ψc' ϑ( )b ϑ( )Φ ϑ ti
l–( ) ϑ, i 1 2 … nl, , ,=d

ti
l

sl

∫

γ l 1+ L Φ sl sl 1––( )γ lL–

+ 1–( )iγ lM Φ sl ϑ–( ) ϑd

ti
l

ti 1+
l

∫
i 0=

n
l

∑
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 = 0,

l 1 2 … l* 1;+, , ,=

Ġ GA t( ), G t*( )– H ,= =

ġ –ag Gb t( ), g t*( )– 0.= =

System (10) is solved by Newton’s method, which
generates approximations (ν(k), y(k)), starting with ν(0)

determined by (7) and with the elements of  (l = 1, 2,
…, l* + 1) found by solving problem (6) for ν = ν(0).

5. Assume that the operation algorithm for an opti-
mal controller has been constructed. Assume that the
controller has operated over the interval [t∗, τ[ and pro-
duced control signals v*(t), t ∈ [t∗, τ[ generating a con-
trol action u*(t), t ∈ [t∗, τ[, which, together with a dis-
turbance w*(t), t ∈ [t∗, τ], transferred the control system
at the current time τ to the state x*(τ). To determine
v*(t) for t ∈ [τ, τ + h0[, the optimal controller must rap-
idly find the open-loop solution to problem (4) at (τ;
x*(τ), u*(τ)). On the interval [τ – h0, τ[, the optimal
controller has solved a similar problem, in which the
process started at the time τ – h0 at the state x*(τ – h0)
with control action u*(τ – h0). Its solution (defining ele-
ments) (ν(τ – h0), yl(τ – h0)), l = 1, 2, …, l*(τ – h0) + 1
have been constructed.

Let (τ – h0) be the first element of the vector

y1(τ − h0). If τ < (τ – h0), then the defining elements
obtained at the preceding instant of time are used as the
initial approximation for Newton’s method:

Moreover,

When τ ≥ (τ – h0), we set ν(1)(τ) = ν(τ – h0),

(τ) = ( (τ – h0), …, (τ – h0)), (τ) = yl(τ –
 h0), l = 2, 3, …, l*(τ – h0) + 1; γ1(τ) = –γ1(τ – h0) if

(τ – h0) = (τ – h0); γ1(τ) is not defined if (τ – h0) =
s1(τ – h0) (the control action is on the boundary of the

constraint); and γ1(τ) = γ2(τ – h0) if (τ – h0) = s1(τ –
h0). The values of R0(y(1)(τ)) and Rl(ν(1)(τ), y(1)), l = 1, 2,

T0
l

y1
1

y1
1

ν 1( ) τ( ) ν τ h0–( ), yl
1( ) τ( ) yl τ h0–( ),= =

l 1 2 … l* τ h0–( ) 1.+, , ,=

Rl ν 1( ) τ( ) y 1( ) τ( ),( ) 0,=

l 1 2 … l* τ h0–( ) 1;+, , ,=

R0 y 1( ) τ( )( ) G τ( )x* τ( ) g τ( )u* τ( )+=

– G τ h0–( )x* τ h0–( ) g τ h0–( )u* τ h0–( )–

– v* τ h0–( ) g ϑ( ) ϑ.d

τ h0–

τ

∫

y1
1

y1
1( ) y1

2 y1
n

1 1+ yl
1( )

y1
1 t1

1 y1
1

y1
1
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…, l*(τ), + 1 are constructed as in the previous case,
and the dimension of R1 reduces by unity.

Because of the proximity of the problems for τ and
τ – h0 when h0 is small, the initial approximations
(ν(1)(τ), y(1)(τ)) are close to the exact solution (ν(τ), y(τ))
of Eq. (10). A small number of Newton iterations are
required for constructing a highly accurate solution.

By using the defining elements (ν(τ), y(τ)) and for-
mula (9), we construct the optimal open-loop control
signal v0(t|τ, x*(τ), u*(τ)), t ∈ [τ, τ + h0[, which is used
on [τ, τ + h0[ as a realization of the optimal feedback.
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